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This Online Appendix contains two items. Section OA.1 derives the recursion for the even-
order product moments of a correlated bivariate normal vector referred to in footnote 2 of
the paper. Section OA.2 reports the comparison of the eight traded equity factor models of
Barillas, Kan, Robotti, and Shanken (2020) referred to in Section 5.4 of the paper.

OA.1 A recursion for the even-order product moments

The exact moment formulas of the paper require the product moments E[z2k11 z2k22 ] of a
bivariate normal vector (z1, z2) with means (m1,m2), unit variances, and correlation ρ (in
the paper, m1 =

√
Tθ1 and m2 =

√
Tθ2). The recursion for νij = E[zi1z

j
2] given in Section

2.2 of the paper passes through the odd-order product moments, which are not themselves
needed. A faster recursion that stays within the even-order lattice follows from the general
short recursion of Hillier, Kan, and Wang (2014): writing z2 = ρz1 +

√︁
1− ρ2 z3, where

z3 ∼ N
(︂
(m2 − ρm1)/

√︁
1− ρ2, 1

)︂
is independent of z1, the variables z

2
1 and z22 are quadratic

forms in the independent normal vector (z1, z3)
′, to which their results apply directly.

Work with the scaled moments

dk1,k2 =
E[z2k11 z2k22 ]

2k1+k2 k1! k2!
, (OA.1)

which remain bounded as the order grows (they behave like Poisson weights, peaking near
ki ≈ m2

i /2), so the recursion is numerically stable at high orders. With λ = 1 − ρ2, the
recursion is, for min(k1, k2) ≥ 1,

dk1,k2 =

min(2,k1)∑︂
i=0

min(2,k2)∑︂
j=0

i+j>0

(︃
ci,j

k1 + k2
− ei,j

)︃
dk1−i,k2−j, (OA.2)

where ei,j is the coefficient of ti1t
j
2 in (1− t1 − t2 + λt1t2)

2, that is,

e1,0 = e0,1 = −2, e2,0 = e0,2 = 1, e1,1 = 2(1 + λ), e2,1 = e1,2 = −2λ, e2,2 = λ2,
(OA.3)

and

c1,0 =
m2

1 − 3

2
, c2,0 =

3

2
, c1,1 = 3(1 + λ)− (m2

1 +m2
2 − 2ρm1m2),

1



c2,1 =
(m2 − ρm1)

2 − 9λ

2
, c2,2 = 3λ2, (OA.4)

with c0,1, c0,2, and c1,2 obtained from c1,0, c2,0, and c2,1 by interchanging m1 and m2. The
first row and column of the array are the scaled moments of noncentral chi-squared random
variables with one degree of freedom and satisfy the three-term recursion

d0,j =

(︃
2 +

m2
2 − 3

2j

)︃
d0,j−1 −

(︃
1− 3

2j

)︃
d0,j−2, (OA.5)

with d0,0 = 1 and d0,1 = (1+m2
2)/2, and analogously for dj,0 with m1 in place of m2. Starting

from the first row and column, (OA.2) fills the even-order lattice with a fixed number of
operations per entry and never visits an odd-order moment; we have verified it against the
all-order recursion of the paper to machine precision.

When m2 ̸= 0, the second row can be obtained even faster from the two-term recursion

d1,j =
1

2

(︃
1 +

4jρm1

m2

+m2
1

)︃
d0,j +

2j − 1

2

(︃
ρ2 − 2ρm1

m2

)︃
d0,j−1, (OA.6)

(when m2 = 0, the same formula applies with the two ratios ρm1/m2 deleted), and analo-
gously for dj,1 with the roles of m1 and m2 interchanged.

OA.2 Comparing the eight factor models of Barillas,

Kan, Robotti, and Shanken (2020)

We apply the finite-sample tests of the paper to the eight traded-factor models compared by
BKRS, using their data set of monthly factor returns from January 1972 to December 2015
(T = 528). The models, listed in order of increasing sample squared Sharpe ratio, are: the
two-factor intermediary asset pricing model of He, Kelly, and Manela (2017) (MKT+FIRFT,
θ̂2 = 0.013); the betting-against-beta extension of the CAPM of Frazzini and Pedersen
(2014) (MKT+BAB, 0.090); the four-factor q-model of Hou, Xue, and Zhang (2015) (HXZ,
0.176); the four-factor mispricing model of Stambaugh and Yuan (2017) (SY, 0.232); the
five-factor model of Fama and French (2018) with cash profitability (FF5CP, 0.256) and
its extension with the momentum factor (FF5CP+UMD, 0.267); the HXZ model with the
cash-profitability factor in place of ROE (HXZCP, 0.284); and the six-factor model that
further replaces HML with the monthly-updated value factor of Asness and Frazzini (2013)
(FF5CP∗+UMD, 0.359). Every model includes the market factor, so all pairs of models are
overlapping in the sense of Section 4.3 of the paper; exactly one pair is nested (FF5CP is
contained in FF5CP+UMD), and the numbers of unique factors range from (n1, n2) = (1, 1)
to (5, 3), with between one and five common factors.

For each of the 28 pairs, Table OA.1 reports τ̂ = θ̂2A − θ̂2B (Model A is the model with
the larger sample squared Sharpe ratio) and two p-values: the two-sided asymptotic p-value
based on t(τ̂) and the N(0, 1) limit, and the finite-sample p-value from the equal-tailed plug-
in test of Section 5.2 of the paper with 100,000 inner replications. For the nested pair, the
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asymptotic p-value is from the chi-squared test (T τ̂/(1 + θ̂2B) →d χ2
1) and the finite-sample

p-value is from the exact F test of Section 5.1 of the paper. Two differences from Table 2
of BKRS should be kept in mind: we report the raw rather than bias-adjusted difference in
sample squared Sharpe ratios, and our asymptotic standard errors impose normality, whereas
theirs are robust to non-normality; the resulting p-values are nonetheless close to theirs.

Table OA.1: Pairwise comparison of the eight factor models of BKRS, January 1972–
December 2015 (T = 528).

2 3 4 5 6 7 8

Panel A: τ̂ (column model minus row model)
1. MKT+FIRFT 0.077 0.162 0.219 0.242 0.254 0.270 0.346
2. MKT+BAB 0.086 0.142 0.166 0.177 0.193 0.269
3. HXZ 0.056 0.080 0.092 0.108 0.184
4. SY 0.024 0.035 0.052 0.127
5. FF5CP 0.012 0.028 0.104
6. FF5CP+UMD 0.016 0.092
7. HXZCP 0.076

Panel B: asymptotic two-sided p-values
1. MKT+FIRFT 0.002 0.000 0.000 0.000 0.000 0.000 0.000
2. MKT+BAB 0.013 0.001 0.000 0.000 0.000 0.000
3. HXZ 0.119 0.069 0.030 0.005 0.001
4. SY 0.565 0.355 0.221 0.006
5. FF5CP 0.027 0.166 0.000
6. FF5CP+UMD 0.453 0.000
7. HXZCP 0.032

Panel C: finite-sample p-values (plug-in; nested pair: exact F )
1. MKT+FIRFT 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2. MKT+BAB 0.014 0.001 0.000 0.000 0.000 0.000
3. HXZ 0.113 0.068 0.031 0.003 0.000
4. SY 0.602 0.403 0.210 0.005
5. FF5CP 0.028 0.143 0.000
6. FF5CP+UMD 0.352 0.000
7. HXZCP 0.024

Column numbers refer to the models in the row labels (8 = FF5CP∗+UMD). For the nested pair
(5,6), Panel B reports the asymptotic chi-squared p-value and Panel C the exact F (GRS) p-value;
entries of 0.000 denote p < 0.0005.

The substantive conclusions of BKRS survive the move to exact finite-sample inference.
The two models with the smallest sample Sharpe ratios, MKT+FIRFT and MKT+BAB, are
dominated by every other model at the 1.5% level or better; the five models in the middle of
the ranking are mostly statistically indistinguishable from one another; and FF5CP∗+UMD
dominates all seven competitors, with finite-sample p-values of 0.024 or less. The one sharp
comparison within the middle group is HXZCP against HXZ (p = 0.003): replacing ROE
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with the cash-profitability factor raises the squared Sharpe ratio by 0.108, an economically
and statistically significant improvement, echoing the finding of BKRS.

The comparison of the two p-value columns bears out the size analysis of Section 5.3 of
the paper in an empirically relevant design. For every comparison that is significant at the
1% level, the finite-sample p-value is no larger than the asymptotic one, and in the tails
the discrepancy can be substantial in relative terms: 0.0004 versus 0.0020 for MKT+BAB
against MKT+FIRFT, 0.003 versus 0.005 for HXZCP against HXZ, and 0.024 versus 0.032
for FF5CP∗+UMD against HXZCP. This is the empirical counterpart of the undersizing
documented in Table 1 of the paper: the asymptotic test is conservative, so it understates
the significance of the observed differences. The correction is not uniform in direction,
however: for the insignificant comparisons involving SY, the plug-in p-values are larger than
the asymptotic ones (0.602 versus 0.565 against FF5CP, and 0.403 versus 0.355 against
FF5CP+UMD), while for HXZCP against FF5CP+UMD it is smaller (0.352 versus 0.453).
Because the exact null distribution of t(τ̂) is shifted and skewed relative to N(0, 1) in a
configuration-specific way, the asymptotic p-value can err in either direction in the center of
the distribution even as it is systematically too large in the far tails. For the nested pair, the
exact F p-value (0.028) and the asymptotic chi-squared p-value (0.027) essentially coincide
at this sample size. With T = 528 and the sizeable Sharpe ratios of these models, no verdict
flips at conventional significance levels—consistent with the T = 600 column of Table 1 of
the paper—but the Monte Carlo evidence there implies that in the shorter samples typical
of studies of newly proposed factors, the two tests would disagree materially more often.
Since the finite-sample tests are computationally cheap, there is little reason to rely on the
asymptotic approximation.

To make the last point concrete, Tables OA.2 and OA.3 repeat the analysis over the
two halves of the sample, January 1972–December 1993 and January 1994–December 2015
(T = 264 each), in the same format as Table OA.1. Model numbering (and hence the sign
convention τ̂ = θ̂2j − θ̂2i for j > i) is kept fixed at the full-sample ordering, so τ̂ can be
negative in a subperiod; the two-sided tests are unaffected by the sign.

In the first half, the two tests still deliver similar verdicts: the middle of the ranking
reshuffles (τ̂ is negative in five pairs, with HXZ and SY performing relatively better), and
no comparison switches significance at conventional levels. The second half is a different
matter. Three verdicts flip at the 5% level, all in the same direction: MKT+BAB versus
MKT+FIRFT (p-asy = 0.052 versus p-fs = 0.018), FF5CP∗+UMD versus FF5CP (0.103
versus 0.038), and FF5CP∗+UMD versus FF5CP+UMD (0.108 versus 0.028). In each case
the asymptotic test fails to detect a difference that the exact test finds—precisely the conser-
vative direction that the size results of Table 1 of the paper imply. The two FF5CP-family
flips are telling: these pairs share four and five common factors, respectively, so the models
are very highly correlated, and with T = 264 they sit exactly in the region where Table 1 of
the paper shows the asymptotic test to be most severely undersized (empirical size around
0.01–0.02 at T = 240). A researcher relying on the asymptotic t-ratio would conclude that
the six-factor model with the monthly-updated value factor offers no significant improvement
over FF5CP+UMD in 1994–2015; the exact test overturns that conclusion. Away from the
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Table OA.2: Pairwise comparisons, first subperiod (January 1972–December 1993, T = 264).

2 3 4 5 6 7 8

Panel A: τ̂ (column model minus row model)
1. MKT+FIRFT 0.145 0.368 0.393 0.330 0.364 0.388 0.514
2. MKT+BAB 0.223 0.248 0.185 0.219 0.243 0.369
3. HXZ 0.025 −0.038 −0.004 0.020 0.146
4. SY −0.063 −0.029 −0.005 0.122
5. FF5CP 0.034 0.058 0.184
6. FF5CP+UMD 0.024 0.150
7. HXZCP 0.126

Panel B: asymptotic two-sided p-values
1. MKT+FIRFT 0.003 0.000 0.000 0.000 0.000 0.000 0.000
2. MKT+BAB 0.008 0.003 0.024 0.009 0.006 0.000
3. HXZ 0.787 0.675 0.960 0.768 0.175
4. SY 0.375 0.653 0.953 0.154
5. FF5CP 0.010 0.189 0.001
6. FF5CP+UMD 0.596 0.001
7. HXZCP 0.076

Panel C: finite-sample p-values (plug-in; nested pair: exact F )
1. MKT+FIRFT 0.001 0.000 0.000 0.000 0.000 0.000 0.000
2. MKT+BAB 0.008 0.002 0.029 0.012 0.006 0.000
3. HXZ 0.785 0.637 0.874 0.769 0.205
4. SY 0.336 0.542 0.965 0.175
5. FF5CP 0.012 0.169 0.000
6. FF5CP+UMD 0.470 0.000
7. HXZCP 0.073

Column numbers refer to the models in the row labels (8 = FF5CP∗+UMD), with model numbering
fixed at the full-sample ordering, so τ̂ can be negative. For the nested pair (5,6), Panel B reports
the asymptotic chi-squared p-value and Panel C the exact F (GRS) p-value; entries of 0.000 denote
p < 0.0005.

5



Table OA.3: Pairwise comparisons, second subperiod (January 1994–December 2015, T =
264).

2 3 4 5 6 7 8

Panel A: τ̂ (column model minus row model)
1. MKT+FIRFT 0.059 0.110 0.172 0.216 0.222 0.238 0.255
2. MKT+BAB 0.051 0.112 0.157 0.162 0.178 0.195
3. HXZ 0.062 0.106 0.112 0.128 0.145
4. SY 0.044 0.050 0.066 0.083
5. FF5CP 0.006 0.021 0.038
6. FF5CP+UMD 0.016 0.033
7. HXZCP 0.017

Panel B: asymptotic two-sided p-values
1. MKT+FIRFT 0.052 0.009 0.001 0.000 0.000 0.000 0.000
2. MKT+BAB 0.203 0.036 0.015 0.011 0.008 0.004
3. HXZ 0.140 0.068 0.046 0.025 0.018
4. SY 0.429 0.338 0.246 0.128
5. FF5CP 0.274 0.235 0.103
6. FF5CP+UMD 0.432 0.108
7. HXZCP 0.568

Panel C: finite-sample p-values (plug-in; nested pair: exact F )
1. MKT+FIRFT 0.018 0.003 0.000 0.000 0.000 0.000 0.000
2. MKT+BAB 0.268 0.038 0.016 0.012 0.006 0.003
3. HXZ 0.121 0.063 0.042 0.019 0.013
4. SY 0.472 0.403 0.238 0.142
5. FF5CP 0.281 0.127 0.038
6. FF5CP+UMD 0.200 0.028
7. HXZCP 0.722

Column numbers refer to the models in the row labels (8 = FF5CP∗+UMD), with model numbering
fixed at the full-sample ordering, so τ̂ can be negative. For the nested pair (5,6), Panel B reports
the asymptotic chi-squared p-value and Panel C the exact F (GRS) p-value; entries of 0.000 denote
p < 0.0005.
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flips, the corrections in the same direction can also be large in the center of the distribution
(HXZCP versus FF5CP+UMD: 0.432 versus 0.200; HXZCP versus FF5CP: 0.235 versus
0.127), while for pairs whose t-ratio falls near the center of the right-shifted null the correc-
tion goes the other way (FF5CP∗+UMD versus HXZCP: 0.568 versus 0.722). The subperiod
evidence thus confirms the practical message of the Monte Carlo results: at the sample sizes
spanned by typical factor data sets, the choice between asymptotic and exact inference is not
innocuous, and it is the comparisons between closely related models—often the comparisons
of greatest economic interest—for which it matters most.
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