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Abstract

Following Barillas and Shanken (2017), traded factor asset pricing models
are increasingly compared on the basis of the squared Sharpe ratios of the
tangency portfolios of their factors. Inference typically relies on the asymp-
totic normal distribution of the difference of the two sample squared Sharpe
ratios. We show that this asymptotic approximation can be very poor in the
sample sizes and Sharpe ratio configurations that are typical in applications.
The limiting distribution is nonstandard precisely on the boundary of the
null hypothesis that matters for model comparison, the sample difference is
biased, its exact density can be unbounded at zero, and the usual t-ratio
is not asymptotically standard normal for nested models or when the two
models are close in explanatory power. Under multivariate normality, we
derive the exact finite-sample joint distribution of the two sample squared
Sharpe ratios for nested, non-overlapping, and overlapping models. We ob-
tain explicit expressions for the exact moments in terms of hypergeometric
functions and develop stochastic representations that permit extremely fast
simulation of the exact distribution using only low-dimensional random vari-
ables. A Pearson curve approximation based on the first four exact moments
is shown to be nearly indistinguishable from the exact distribution.
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1. Introduction

The Sharpe ratio remains the most widely used measure of investment
performance, and differences of Sharpe ratios—or of squared Sharpe ratios—
are the natural metric for comparing two investments or two asset pricing
models. Barillas and Shanken (2017) show that when traded factor mod-
els are compared on their ability to price returns, the ranking is completely
determined by the squared Sharpe ratios of the tangency portfolios of the
models’ factors: test assets are irrelevant for model comparison. Their in-
sight has generated a rapidly growing literature in which models are ranked
by sample squared Sharpe ratios, with statistical significance assessed using
the asymptotic distribution of the difference of two sample squared Sharpe
ratios derived by Barillas et al. (2020). Fama and French (2018) use the
maximum squared Sharpe ratio to choose among variants of their three- and
five-factor models (Fama and French, 1993, 2015); Hou et al. (2019) use it
to compare the g-factor model of Hou et al. (2015) with a large array of
competing models, including the mispricing-factor model of Stambaugh and
Yuan (2017); and Daniel et al. (2020) use it to benchmark their behavioral-
factor model. Related approaches to model comparison and factor selection
include Feng et al. (2020), Kozak et al. (2020), Lettau and Pelger (2020),
and Bryzgalova et al. (2023). The metric has also been pushed beyond the
frictionless equity setting: Detzel et al. (2023) compare models on maximum

squared Sharpe ratios computed net of transaction costs, Li et al. (2024)
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allow for price-impact costs, Kan et al. (2024) contrast in-sample and out-
of-sample Sharpe ratios to account for estimation risk, and Dickerson et al.
(2023) apply the methodology to corporate bond factor models.

For individual assets, the finite-sample properties of the sample Sharpe
ratio and the problem of testing the equality of two Sharpe ratios have a long
history. Miller and Gehr (1978) derive the exact bias of the sample Sharpe
ratio under normality, and Lo (2002), Bao and Ullah (2006), and Opdyke
(2007) study its sampling distribution under progressively more general con-
ditions. Tests of the equality of two Sharpe ratios go back at least to Jobson
and Korkie (1981) (see also Cadsby, 1986), with subsequent refinements by
Memmel (2003) and Ledoit and Wolf (2008), and extensions to the equal-
ity of multiple Sharpe ratios by Leung and Wong (2008) and Wright et al.
(2014). A related literature studies the sample squared Sharpe ratio of the ex
post tangency portfolio—the key building block of model comparison—and
documents its substantial upward bias and nonstandard sampling behavior;
see Maller and Turkington (2002), Maller et al. (2005), Maller et al. (2010),
and Maller et al. (2016). Closest to our nested-model analysis, Hanke and
Penev (2018) compare large-sample maximum Sharpe ratios of nested sets of
assets. In both the two-asset and the model-comparison literatures, inference
is conducted using a t-ratio that is asymptotically standard normal under the
null hypothesis, provided certain regularity conditions hold.

This paper documents that the regularity conditions behind the asymp-

totic normal approximation are fragile precisely where they are needed most,



and provides an exact finite-sample distribution theory that can be used in
place of the asymptotic approximation. Our contributions are as follows.

First, we characterize when and how the asymptotic normality of the
difference of sample squared Sharpe ratios of two models A and B, 7 =
0?4 — é%, breaks down. The asymptotic variance of \/T(f' — 7) is zero when
the two models under comparison are equally good and, in addition, their
tangency portfolios are perfectly correlated. This degeneracy always occurs
under the null for nested models; it occurs for non-overlapping models when
0, = 0g = 0, and for overlapping models when neither model improves on
the factors they share. In these cases T'7, suitably normalized, converges to
a weighted sum of independent x? random variables, and we provide explicit
expressions for the weights in terms of the canonical correlations between
the unique factors of the two models (Proposition 2). We also derive the
limiting distribution of the t-ratio of 7 in the degenerate cases and show that
it is far from standard normal: for nested models it is a transformation of
the Gibbons, Ross, and Shanken (1989) statistic that is always positive, and
for non-overlapping and overlapping models it is a ratio of quadratic forms
in normal random variables. An interesting special case arises when two
individual assets with zero Sharpe ratios are compared: the t-ratio is then
asymptotically normal with variance 1/4 rather than 1.

Second, under the assumption that returns are i.i.d. multivariate nor-
mal, we derive the exact finite-sample joint distribution of (6%, 62,60 45), and

hence the exact distribution of 7 and of its t-ratio, for all three types of



model comparison: nested, non-overlapping, and overlapping models. Here
éAB = ﬁéAéB, where p is the sample correlation between the sample tan-
gency portfolios of models A and B. This cross term governs the dependence
between the two sample squared Sharpe ratios, and with it the sampling
variance of 7 and the denominator of its ¢-ratio, which is why the joint
distribution of all three quantities is required. For nested models the ex-
act distribution follows from a conditional application of the Gibbons et al.
(1989) F-statistic. For non-overlapping and overlapping models, we develop
a canonical stochastic representation of (éi,é%,éABL based on a singular
value decomposition of the correlation matrix of the (residual) factors of the
two models, and reduce it to a single simulation algorithm that generates
the triple—and with it 7 and its t-ratio—from univariate normal and chi-
squared random variables and one k-dimensional Wishart draw, regardless
of the number of factors in the two models, where £ is the rank of the (resid-
ual) covariance between their unique factors. The representation also shows
that the exact joint distribution depends on the mean and covariance param-
eters only through a small number of scalars: at most 3k + 2 parameters for
non-overlapping models and 3k + 3 for overlapping models.

Third, we derive explicit expressions for the exact joint moments of
(62,6%) in terms of Gaussian hypergeometric functions, building on moment
results for quadratic forms in noncentral normal vectors (Hillier et al., 2014)
and on the classical bivariate chi-squared moment formula of Krishnaiah et

al. (1963). The exact moments deliver the finite-sample bias and variance of



7 in closed form, and they make it possible to approximate the exact distri-
bution of 7 by a Pearson curve that matches the first four moments (Pearson,
1895; Solomon and Stephens, 1978). In our numerical experiments the Pear-
son approximation is nearly indistinguishable from the exact distribution,
whereas the asymptotic normal approximation—even after bias and variance
corrections—can be grossly inaccurate for sample sizes as large as T' = 600.

Fourth, we show that the exact density of 7 is unbounded at zero when
each model contributes a single unique factor—in both the non-overlapping
and overlapping cases—a feature that no normal approximation can capture,
and we document that the t-ratio of 7 has a markedly skewed finite-sample
distribution with a nonzero mean induced by the bias of 7. Bias-adjusting 7
alone does not restore the accuracy of the standard normal approximation.

The practical message of the paper is simple. Whenever the models under
comparison have similar explanatory power—which is exactly the situation of
empirical interest—the asymptotic normal distribution of 7 and of its ¢-ratio
should not be trusted at conventional sample sizes. The exact distributions
derived here can be computed or simulated rapidly and provide reliable finite-
sample inference under normality; the exact moments also provide highly
accurate Pearson approximations.

The rest of the paper is organized as follows. Section 2 presents the two-
asset case, which allows us to introduce the main ideas with a minimum
of notation. Section 3 describes the general model comparison framework

and develops the asymptotic theory, including the degenerate cases. Sec-



tion 4 derives the exact finite-sample distributions and moments for nested,
non-overlapping, and overlapping models. Section 5 develops implementable
finite-sample tests of model comparison, compares their size and power with
those of the asymptotic t-test, and applies the tests to the comparison of
corporate bond factor models. Section 6 concludes. Technical results used

in the derivations are collected in the appendices.

2. Comparing the Sharpe ratios of two assets

To fix ideas, we begin with the simplest version of the problem: the
comparison of the Sharpe ratios of two individual assets. Suppose r; =

[71¢, r9¢]’ is the excess return of two assets at time ¢ with

07 PO102

2
pPO102 0y

The sample estimators of p and ¥ are

=>
I
=
—
I
—
(]~
&
<

™M>
I
I
[~
—
=
~+~
|
=>
N~—
—
=
~+~
|
=>
~—
—~
N
S—




where 6%, 62, and p denote the sample variances and the sample correlation of
the two returns. Let 0; = u;/o; be the Sharpe ratio of asset i and 0, = i/
its sample counterpart, + = 1,2. We are interested in the joint distribution

of (6;,6,) and in the distributions of

A

0=0,—0, 7=6"—-62 (5)

the sample counterparts of § = 6, — 6, and 7 = 62 — #2. The difference o
is the statistic studied by Jobson and Korkie (1981) and Memmel (2003),
while 7 is the two-asset special case of the squared Sharpe ratio comparison

of Section 3.

2.1. Asymptotic analysis

Assume first only that r, is stationary with finite fourth moments. Since

W = [ji1, fiz, 63,63) is the GMM estimator of ¢ = [u1, g, 03, 03] based on

the moment conditions

e — M1

Tot — W2

Elg:(Y)] = E = 04, (6)
(11t — M1)2 - U%

(7‘2t - M2)2 - U%

we have

\/T(z@ — ) SN <047 Z E[gt(@b)gm(w’]) : (7)

j=—o00



The delta method then yields

=0 | 4 S
VT Z ) SN (02, > E[htw)htﬂ(w), (8)

j=—o0
where
I rig—p1 _ O1[(rie—p1)?—of]
1t o1 20%
he(¥) = — L 9)
h?t Tt —pH2 92[(7'%_#2) _‘72]
o2 20%

Let ;1 and 7,2 be the coefficients of skewness and excess kurtosis of the

return on asset 2. When h; is uncorrelated over time,

Elh2] =1— 7,0, + 12 + REREV ] (10)
Ell) = 1 - 5,0, + 222 4 REEREVS (11)
Elhuho] = p— 91492 e [(Tlt —QZ%Z(T% —p2)] _ 2E[(ra —222;1(7”” — )]
n 0162 E[(r1, ;:%1;;(7’% — 1)’ (12)

When 7, is i.i.d. bivariate normal, these expressions simplify, and we obtain

A 0? 26,0
0, — 0 I+35  p+557

vT | T AN o, ? ) . (13)
Oz — 02 ,0+p26’7102 1+%

so that

. 2 2 5.2
\/T((S—(S)iN(O,Z(l—p)—l—el—i_eQ 2p9102),
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which is the asymptotic distribution used by Jobson and Korkie (1981) and
Memmel (2003). When 6, = 0y = 6, the asymptotic variance reduces to
2(1 — p) + (1 — p»)@% Tmportantly, (0,6,) is asymptotically normal for
all parameter values, and the asymptotic variance of 5 is strictly positive
whenever p < 1, so in the interior of the parameter space ) presents no
asymptotic irregularities.*

The situation is different for 7. The delta method gives, for (62, 62), the

influence functions

201 (rie—p1) _ 03[(rie—p1)?—oj]

q1¢ o1 o2
g (1) = - IR (15)
Qo 202 (rot—p2)  05[(rac—p2)?—o3]
g2 0'%

and ¢; = 0 when 0, = 0. Thus, unlike (él, éz), the asymptotic normality of
(62, 02) requires 62 > 0 and 62 > 0. When 62 = 0 we have instead 762 % 2.

Under i.i.d. bivariate normality and 6? > 0, 635 > 0,

0262 | 20%(2 + 6%) 2p0105(2 + p616-)
- N 02, s

03 — 63 200105(2 + pfh6s)  262(2 + 62)

VT

(16)

'Even the boundary case p — 1 with 6; = 5, where the asymptotic variance vanishes,
is benign: the variance factors as 2(1 — p) + (1 — p?)6% = (1 — p)[2 + (1 + p)6?], so ¢ and
its standard error shrink together, at the common rate (1 — p)z, and the standardized
statistic remains well approximated by the standard normal even for p very close to one.
(At p =1 exactly, 5 =0 and the comparison is vacuous.)
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and therefore
VT(7 — 1) 5 N (0,4(6% + 02 — 2p0,0) + 2(0F + 03 — 20%0%62)) . (17)

When 6?2 = 02 = 6% > 0, the asymptotic variance is 8(1 — p)0* + 4(1 — p?)6*,
which vanishes as §# — 0 or as p — 1. When 6; = 05 = 0, the limit is not

normal: using (13) with ¢; =60, =0,

T+ % /1= p2 (X1 — Xo), (18)

where X; and X, are independent x? random variables. To see this, note
that by (13) and the continuous mapping theorem, 7'7 4 2?2 — 22, where

(21, 22) are standard bivariate normal with correlation p. Define

1(m+@+a—@) 1(a+@ a—@) (19
w = — s Wo = — — .
2 \VItp VI-p T 2\VI+p VI-p

A direct calculation shows that w; and ws have unit variances and zero

covariance, so they are independent standard normals, and

21+ 20 21— 2 22— 23

w? — ws = (wy + wy)(w; — wy) = = (20)

CVIE VIep T2

Setting X; = w? delivers (18), which is a special case of Proposition 2 below.
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2.2. Eract joint distribution and moments of (61, 0,)

Assume now that r; is i.i.d. bivariate normal. Let z; = \/Tﬂl/al and

Z9 = ﬁﬂg/@'g, so that

z VTH 1
= | V| ~N . 71 (21)
29 \/Tez p 1
and let
w w Lo L0 1
w=1| " Pl=r|® 5| @ ~Wy | T -1, P
Wo1 W22 0 L 0 L P 1

(22)
with W independent of z, and W follows a Wishart distribution with 7" — 1
degrees of freedom and a covariance matrix with unit variance and a corre-

lation of p. Then
A 21 A 22

0 = ; 0y = :
! v W11 ? v/ W22

so the joint distribution of (6, 65) is completely determined by (6;, 65, p) and

(23)

T.

Two conditioning representations make this joint distribution tractable.

First, writing zo = /1 — p? z3 with

23~N<\/T62+p(zl_ﬁ91),1> (24)

1—p?
conditionally on z;. Second, using the Bartlett decomposition of the Wishart
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matrix (see, e.g., Muirhead, 1982), we have wy; = u; ~ x%_, and, condition-

ally on wuq,

2 2 pu

a noncentral chi-squared random variable. Thus él = 2z1/y/u; and ég =
z3/+/u3, and the exact joint density of (él, ég) is

f(élaé2):/ / fz1,23(w1é17wBéQ)fwl,wg(wlaw3)w1w3dw1dw3a (26)
0 0

where wi; = J/uy, w3 = /us,

G+ —2p06
) 0

B 2 wiwsz\ T2 w?+ (1 — p?)w?
Funs (01, 05) = T (E)2 ( 2 > P ( 2(1—p?)

p
T-1 p*wiwg
> A=)

1
forz(21,23) = 5 OXP (

X oF1 (28)

with ¢, = 21 — VT, and & = /1 — p? 23 — V/T0,, and where »Fy denotes
the generalized hypergeometric function.
The representation also delivers the exact joint moments. For max[i, j| <

T -1,

J

E[Q:ZLH;] = E[zizg] E[w1_1§w22§]7 (29)

where the normal product moments v;; = E[2}2)] satisfy the recursion

Vig1,j = ﬁelVi,j + i1+ JpVij-1, (30)
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with Voo = 17 o= \/Tgl, and Vo1 = \/792’2 and

. . —1- T—1—j .
~3 *%_F(Tzl_)r( 2j)2F1(%7%;¥;p2). (31)
In a slightly different form, (31) was first given by Krishnaiah et al. (1963)
in their study of the bivariate chi distribution. Related results on bivariate
(noncentral) chi-squared and gamma distributions and their product and
ratio moments can be found in Weibull (1953), Jensen (1970), Nadarajah
and Kotz (2006), Joarder (2006, 2009), Nadarajah (2010), Yunus and Khan
(2011), and Khan et al. (2016). For example, using (30) and (31), we obtain

S (The+ )l (52 11 T-1
E0,6,] = or (%)2 2\ 55— ) (32)
Aoy A 1+ T603)(1 4 T62) + AT pb,05 + 2p> T—-1
E[6763] = A 70+ T65) + 4T b6 + 2 P (1,1, ——;0%) . (33)
(T'—3)
The moments of § and 7 then follow from the binomial expansions
Bl =3 () - (34
i=0

pi =3 (F) &2

- 1
=0

Note that E[6*] exists if and only if k < T — 1 and E[#*] exists if and only

2When only even-order product moments are needed, a faster recursion that bypasses
the odd-order moments can be obtained for this special case using the generating function
approach of Hillier et al. (2014). The recursion is provided in the Online Appendix.
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2k <T —1.

2.3. Exact distributions ofS and T

Conditional on (uy,us), 6 is normally distributed with

VT, VT6

: - _ 2
Elb|ur, us| = N T (36)
A 1 1 2p
Var[0|uy, us] = o + 1= us 0= D (37)

so the exact density and cdf of § are obtained by integrating the conditional

normal density and cdf against the joint density of (u;,us3) implied by (25):

fs(c) = /OOO /OOO fs\ul,ug(c)f(ul,Us)duzzdub (38)
Fj(c) = /000 /000 Ey s () f (w1, ug)dugdus. (39)

Similarly,
2 2
p=L_ 5 (40)
Uy Us

and conditional on (uy,us), 7 is a difference of two correlated noncentral
chi-squared random variables with one degree of freedom, scaled by 1/u;
and 1/uz. The conditional density and cdf of such a linear combination
are derived in Appendix A, and integration against the density of (uq,us)

delivers the exact density and cdf of 7. An important qualitative feature
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follows immediately from Appendix A: the exact density of 7 satisfies

f#(0) = oo, (41)

i.e., the density of 7 is unbounded at zero. No normal approximation can
reproduce this feature.

Figure 1 plots the exact density and cdf of 5 for 0; = 04, 0, =0.25, p =
0.5, and T = 60. The exact distribution of 5 is quite close to its asymptotic
normal approximation, consistent with the regular asymptotic behavior of
5. Figure 2 presents the corresponding plots for 7 when 6; = 6, = 0.2,
p = 0.5, and T" = 60. For this case the exact variance of 7 is 0.004307,
whereas the asymptotic variance is 0.002747, and the exact distribution of 7
differs markedly from the asymptotic normal, with the density spike at zero
clearly visible. Figure 3 shows that the problem persists when 6; = 0.4 and
0, = 0.25: the exact variance (0.01179) remains well above the asymptotic
variance (0.00898), and although the discontinuity at zero is less visually

obvious, the density of 7 still diverges as the argument approaches zero.

2.4. The t-ratio of T

The null Hy : 7 = 0 is commonly tested with the ¢-ratio

H7) = vT7 W)

4B} + 08 — 20010,) + 2(0} + 04 — 226303) |
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Figure 1: Exact and asymptotic density (top) and cdf (bottom) of 6 = 6; — 65 for 6, = 0.4,
0y = 0.25, p = 0.5, and T = 60.
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0, =020, =02 p=05T=60
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0
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0, =0.2,0,=02 p=05 T =60
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Figure 2: Exact and asymptotic density (top) and cdf (bottom) of 7 = 2 — 62 for 6, =
02 = 0.2, p= 0.5, and T = 60.
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0, =04, 0, =025, p=05,T =60
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Figure 3: Exact and asymptotic density (top) and cdf (bottom) of 7 = 62 — 62 for 6; = 0.4,
0y = 0.25, p = 0.5, and T = 60.
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where p is the sample correlation of the two returns from (4); the statistic is
asymptotically N(0,1) under Hy provided 67 = 62 > 0. How well does the
standard normal approximation work? Let 6 denote the common value of 6
and 6y under the null. Since the asymptotic normality of 7 requires 8 > 0,
the quality of the approximation deteriorates as # approaches zero. Figure 4
plots the exact density of ¢(7) for § = 0, 0.1, 0.2, and 0.3 with p = 0.9 and
T =120 (top panel) and with p = 0 (bottom panel).? The standard normal
is a very poor approximation of the distribution of ¢(7), especially when 6
is small, and lowering p helps only marginally. Figure 5 repeats the exercise
with 7" = 600, again for p = 0.9 (top panel) and p = 0 (bottom panel).
For 6 = 0 the approximation remains poor no matter how large 7" is and no
matter the correlation—consistent with Proposition 1 below, whose N (0, 411>
limit does not depend on p. For # > 0 the larger sample size helps, and it
helps more when the correlation is low: at p = 0 the densities for § = 0.2
and 0.3 are close to the standard normal, while § = 0.1 remains visibly too
concentrated, whereas at p = 0.9 a substantial gap persists even at 6 = 0.2.

The failure of the standard normal approximation at ¢ = 0 has a clean

analytical characterization.

Proposition 1. Suppose r; is i.i.d. bivariate normal with 6, = 6, = 0. Then

2 2 1
)4 =2 v (0g). (43)
2(22 + 25 — 2pz129)2 4

where (21, z2) are standard bivariate normal with correlation p.

3The details of the computation of the exact density of #(7) are available upon request.
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0=0
0=0.1
074 0=02
0=0.3
0.6 4
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=
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Z 04
5]
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0 -
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0

Figure 4: Exact density of ¢(7) for two assets with common Sharpe ratio § = 0, 0.1, 0.2,
0.3 and T = 120, for p = 0.9 (top) and p = 0 (bottom), together with the standard normal

density.
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p =09, T = 600

0.8 4

0.6 4

0.2 4

0.1+

Figure 5: Exact density of ¢(7) for two assets with common Sharpe ratio § = 0, 0.1, 0.2,
0.3 and T = 600, for p = 0.9 (top) and p = 0 (bottom), together with the standard normal

density.

22



PROOF. Let w; and wy be the independent standard normal random vari-
ables defined in (19). In addition to 22 — 25 = /1 — p? (w? — w3), a direct
calculation gives 27 + 22 — 2p2z120 = (1 — p?)(w? + w3), so

2 2
wy — Wy

t(7) i> _
2(wi 4 w3)

ol

Consider the polar transformation wy = rcos(¢), wy = rsin(¢) with r =

Vwi +w3. The joint density of (r,¢) is f(r,¢) = 5=e”z on {r >0, 0 <
¢ < 2w}, sor and ¢ are independent and

wi —wj  rcos(20)

2 w%er%_ 2

(45)

Since ¢ is uniform on (0, 27), cos(2¢) has the same distribution as cos(¢),
whence 7 cos(2¢) < rcos(¢) ~ N(0,1).

Thus, when both assets have zero Sharpe ratios, the t-ratio of 7 is still
asymptotically normal, but with variance 1/4 rather than 1: a nominal 5%
two-sided test based on the standard normal critical values has an asymptotic
size of essentially zero, and the test has no power against local alternatives
in this region of the parameter space. Remarkably, the limit does not depend

on p.

3. Model comparison with squared Sharpe ratios

3.1. Setup

Let ry = [r{;, T, 5] be the excess returns on ng+n; +ns traded factors

at time ¢, where ro; is ng X 1, 714 is ny X 1, and 79 is ny X 1, with mean and
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covariance matrix

Ho Yoo 2o1 202
=1 |> Y= Y0 X X2 | (46)
2 Yoo Ya1 X2

where X is positive definite. We compare two models: Model A has factors
rar = [r(y, 71 and Model B has factors rp; = [r(,, 75]’, 0 ng is the number
of common factors and n; and ns are the numbers of unique factors in Models
A and B, respectively. Without loss of generality we assume n; > ny. Three
cases are distinguished: (1) nested models, no = 0, so Model B is nested in
Model A; (2) non-overlapping models, no = 0, so the two models share no

common factor; and (3) overlapping models, nog > 0 and ny > 0.

Let

Mo o 200 o1 200 202
A = . UB = , 2AA = , XBB =
1 M2 Y10 211 Yoo 222

The squared Sharpe ratios of the tangency portfolios of the two models are

0% = 1y Saama, 0% = WpSppus. (48)

Barillas and Shanken (2017) show that Models A and B can be compared

simply by comparing 6% with 6%, without reference to test assets. Let 7 =
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6% — 6% and let

~

P =05 0% (49)

be its sample counterpart, where 64 = [/, $5}/ia and 6% = J,55% fip, with
it and 3 the usual sample mean vector and sample covariance matrix based
on T observations. We are interested in the asymptotic and finite-sample

distributions of 7.

3.2. Asymptotic distribution

Under general distributional assumptions, Barillas et al. (2020) derive
VTG —1) %N (o, > E[dtdtﬂ-]) : (50)
Jj=—00
where

dy = 2up — v, — 2up +up, + T, (51)
with wa, = ,u;lEZL(TAt — pa) and ugy = HIBZEIB(TBt — pp). When ry is
i.i.d. multivariate normal, E[d;d;;] = 0 for j # 0 and

E[d?] = 20%(2 + 6%) + 20%(2 + 6%) — 4p0,405(2 + p0a05),  (52)

where
Ha¥arZanYppits
0405

p = Corr[uas, upt| = (53)

is the correlation between the returns on the tangency portfolios of 74, and

T, and Xap = Cov|ras,rz]. The first two terms in (52) are the asymp-
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totic variances of 0% and 6%, and the last term is —2 times their asymptotic
covariance. Notably, the asymptotic variance does not depend on ng, nq,
and no: the estimation errors in the tangency portfolio weights play no role
asymptotically. In contrast, we show below that ng, n;, and ny, matter a
great deal in finite samples.

The validity of (50) as a normal approximation requires E[d?] > 0, and

there are empirically relevant cases in which E[d?] = 0:

e Nested models. When Model B is nested in Model A, Fluaupg] = 6%,
so E[d?] = 2(2 + 6% + 0%)7, which is zero under the null 7 = 0. Thus
for nested models the asymptotic normal distribution always fails under

the null of interest.
e Non-overlapping models. E[d?] =0 when 6% = 6% = 0.

e Overlapping models. E[d}] = 0 when 6% = 6% = 03, where 63 =
Y00 to is the squared Sharpe ratio of the tangency portfolio of the
common factors, i.e., when the unique factors of both models are re-

dundant.

A necessary condition for E[d?] = 0is 7 = 0, but 7 = 0 is not sufficient in
the non-overlapping and overlapping cases. The following proposition, which
was not provided by Barillas et al. (2020), gives the limiting distribution of

T'7 in the degenerate cases.
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Proposition 2. Suppose 1y is i.i.d. multivariate normal and E[d?] =0 (i.e.,
0% = 0% = 02, with 02 = 0 when ng =0). Then

ni+ng
TF S (1+6) Y AX, (54)
=1

where the X;’s are independent x? random variables and the weights \; consist
of n1 — n2 ones and n2 pairs £./w;, where the w;’s are the eigenvalues of

I Q22 QQlQll 912922 and

Q- Q1 Oy _ Z11—2102801201 E12—2102&)202 (55)
Qa1 Qoo Z21—22020_01201 Yo — Y202gg ' 02

is the covariance matriz of the residuals from regressing [, r5,]" on ror and
a constant.

PROOF. Let a = [o), o] collect the intercepts from regressing ry; and ry
on 7o and a constant, and let & = [&], &)’ be the sample estimate. When
6% = 6% = 62 we have a = 0,,,,,, and hence

VTé % N (0ny 1y, (1+62)9) . (56)
Define
1 1
T V24 1, Q20,02
y = LA {2115?41 ] i) N Onyinss B 1 B 11 24123499
1462 L Q00 Q55" €2y In,
(57)
Since ) R
7= (0% —05) — (0 — 03) = &\ ar — 455, o, (58)
we have
~ 2\ n1 Onl X2 d 2 e
Tt =(1+6)y vy (1+60) Y NX;,  (59)
naXni ITLQ i=1
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where the \;’s are the eigenvalues of

I, C

o o=y (60)
n2

M =

The characteristic polynomial of M satisfies

|M — Moy | = [(1 = N || = A+ A Ly + C'((1 = M) ,) 'O
= (=1)"(1 -\, — C'C — N1, (61)

so M has n; — nsy eigenvalues equal to 1, and the remaining eigenvalues are
+.,/w;, where the w;’s are the eigenvalues of I,,, — C'C.

Remark 1. For nested models (ny = 0), Proposition 2 yields
T 5 (14 03)x2, (62)

under 7 = 0. For non-overlapping models, 0} = 0 and Q = X. When
ny = 1, the weights are ny — 1 ones plus the pair £(1 — RQ)%, where R? =
92191_11912/922 15 the coefficient of determination between the residuals of roy
and those of ri; (after regressing on ro; and a constant). With ny = ny = 1
and ng = 0 this recovers the two-asset limit (18).

The sharp qualitative difference between the limiting behavior of 7 when
max|[#?, 03] > 62 (asymptotically normal at rate /T, depending only on 64,
0p, p) and when 64 = 6% = 62 (weighted chi-squared differences at rate
T, depending on the canonical correlations of the residual factors) strongly
suggests that the normal approximation will perform poorly whenever #% and
6% are both close to 63—that is, precisely when the two models are difficult

to distinguish.
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3.8. Limiting distribution of the t-ratio

The t-ratio of 7 is defined as

VT#

1) 02 4 02 0 0 04 | pa 5202 02 \13’ (63)
[4(0% 4+ 0% — 2p040p) + 2(65 + 05 — 2p%6056%))>

where pl405 = (LS5 S asX 50 = 0. Under Hy : 7 =0 and E[d?] > 0,

t(7) N N(0,1). In the degenerate cases the limit is nonstandard, as we now

show.

Non-overlapping models. When 64 = 0 = 0 (and ng = 0),

L1
VTSP i 21 I,, R
~ 1_ll i) ~ N 0n1+n27 ' ' 9 (64)
ﬁZQ; /lg ) R21 Inz
_1 1
where Ry = 3122122, . It follows that T'7 N 2121 — zhzo and
I
t(7) % a2 . (65)
2(2h 21 + 2z — 221 Ry929)2

Diagonalizing the two quadratic forms simultaneously, the limit can be ex-
pressed in terms of independent random variables as

t(7) i) u+ Z?:QI wl-(wi- - wgz)

2 [u+ 2?221 Wi(w%i + w%z)]

: (66)

=

where the w;’s are the eigenvalues of I, — Ro1Ri2, u ~ Xil_m, and the

wy;’s and we;’s are independent standard normals, all independent of u. In
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particular, when ny, = 1,

i u+v1— RY(w? —w3)

t(7) — ;
2[u + (1 — R?)(w? + w3)]?

) (67)

with R* = Ry Ry and u ~ x2 _;. When ny > ny the limit has a positive
mean, and the shift can be computed explicitly. Interchanging wy; and wo;

flips the sign of w?, —w3; in (66) while leaving the denominator unchanged, so

every term involving the w’s has zero mean and, with Q = u+ >, w;(wi; +

2 _
wy;) and v = ny — no,

E[Tlgrolot(%)}:%E{%} 2\/_/ t21+2t)_211(1+2wl) dt,
(68)

using @~ 3 = F f t"2¢7'2d¢ and the independence of v and the w’s.
The mean is strictly positive whenever v > 0, and zero when n; = ny (in
which case u = 0). For ny = 1 the integral is hypergeometric:

1 4
) oI (17—' i332> ) (69)

E [lim t(%)} ) 55

T—o0 o 92 \/5 T (u 4
which equals, for example, 0.663 for (nq,ns, R) = (4,1,0.5) and 0.913 for
(6,1,0.1)—shifts that are large on the scale of the nominal N(0,1) approxi-
mation.

The same two devices deliver the variance of the limit. Write X for the
limit random variable in (66). Expanding the square of its numerator, every

cross product contains a single factor w}, — w3, so its expectation vanishes
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by the interchange argument, and

E[XQ]: { ] sz {w“ wQZ)T. (70)

Using Q™' = [[7 e '@ dt, the elementary transforms Elu®e” "] = v(v+2)(1+

v+4

26)~% and E[(w? — w3;)2ei@hitw3)] = 4(1 4+ 2w;t) 3, and writing P(t) =

(1+2t)~2 12 (14 2w;t) =" for Efe™'?], we obtain

EMﬂ:iAw

and the variance of the limit follows by subtracting the square of the mean.

n2

v(v+2) I Z ( dw; ] P(t)dt, (71)

(1+ 2t)2 1 + 2w;t)?

For ny = 1, the identity [;(1+ 2¢)~%(1 + 2wt)~*dt = T T i ) o F1 (b, 1;a +
b; R?) with w = 1 — R? gives the closed form

1 [v(v+2) v+6 v+6
E[X? = 1,1, — R? 1—RY),F (1,3, ——: R*||.
[ ] V—|—4|: 4 2 1<aa 2 7R)+( R)Q 1(737 2 ﬂR):|

(72)

When ny = ny = 1 (so v = 0 and v = 0), 9F1(1,3;3; R?) = (1 — R?)~!
and E[X?] = 1 exactly, for every R, consistent with the N(0,1) limit
of Proposition 1. For the two examples above, the variance is 0.258 for
(ny,n2, R) = (4,1,0.5) and 0.251 for (6,1,0.1), and as v — oo it declines
toward Var(y/X2)/4 — &. Under the null, the t-ratio is therefore systemati-
cally shifted to the right, and its dispersion is roughly half that of the nominal
standard normal: the asymptotic approximation fails in both location and

scale.
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Owverlapping models. When 6% = 6% = 63, the same argument applied to

Gy and dy (scaled by (1 +62)~2) shows that

(1+63)2 (2121 — 252)

2 (2121 + 2hzo — 221 R1229)

t(7) 5 , (73)

N|=

where now Rip = Qi%QlQQ;Q%. That is, the limit for the overlapping case is
(1+ HS)% times the limit for the non-overlapping case, with X replaced by ).

Nested models. The nested case is the most extreme: as shown in Sec-
tion 4.1 below, ¢(7) is a monotonic transformation of the Gibbons et al.
(1989) statistic and is therefore always positive, with

t(7) 5 V;‘T (74)

under 7 = 0. Comparing ¢(7) with standard normal critical values is therefore

meaningless for nested models regardless of the sample size.

4. Exact distributions

We now assume that r; is i.i.d. multivariate normal and derive the ex-
act finite-sample distribution of 7 and of the t-ratio ¢(7) for the three types
of model comparison. Throughout, W,,(n,V) denotes the m-dimensional
Wishart distribution with n degrees of freedom and scale matrix V', W, (n, V, A)
its noncentral counterpart with noncentrality matrix A, and x2()\) the non-

central chi-squared distribution.
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4.1. Nested models

Suppose ny = 0, so Model B (with factors 7o) is nested in Model A (with
factors 74 = [rh,, ,]'), and 0% = 62. Let ny = ng + ny. From Gibbons et

al. (1989), conditional on 62,

~ TT

T 1+62

—~G, . 75
7~ Gndlns (75)

where G% = x2,(w)/x5 denotes the ratio of independent noncentral and

central chi-squared random variables. Combining (75) with the marginal

T62
no,I'—ng?

distribution 9(2) ~G the exact cdf and density of 7 are

P[%<c]:/ P{G“Tz < }g”% (z)dz, (76)
0

mT-na < T4 5 | InoT-no

* Iz c L g2
O = [ o (1) o e (@0

where g (-) is the density of G% .* The exact distribution of 7 therefore
depends only on 6% and 6% = 62 (besides ng, ny, and T), and—unlike the
asymptotic distribution—there is no need to distinguish between 7 = 0 and
7 % 0. Under the null 7 = 0, the exact distribution of 7 depends on the

nuisance parameter 6.

4Note that the density of G, 1s proportional to the density of a noncentral F' distri-
bution with m and n degrees of freedom, and a noncentrality parameter of w.
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The exact moments of 7 are also readily available. The mean of 7 is

A A A TO% + nA T6% +n
Blf) = W) - Blfy) = ot - IOt g

so 7 is biased upward under 7 = 0 (the larger model mechanically gains more
from estimation error), and

I'(Y 4k (55 —k

2 (= ”A)2 ij() j) ) E[(1+65))  (79)

E[#*] =

2

for k < (T —n4)/2, where the moments of 62 are

For the special case 7 = 0, (79) simplifies to

T +R)T (5 k) 2
Bl =~y pmmy Bl ) (81)

Figure 6 plots the exact density of 7 when 04 = 0 = 0.3, T'= 120, ng =
1, and n; = 9. There is a substantial difference between the exact density and
the asymptotic (scaled chi-squared) approximation of Proposition 2. With
the exact moments available, we can also approximate the distribution of
7 by a Pearson curve that matches the first four moments (see Solomon
and Stephens, 1978, for the fitting method): the Pearson approximation is

almost indistinguishable from the exact density. Figure 7 considers 84 = 0.3,
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0p = 0.2 with "= 120 (top) and 7" = 600 (bottom). The asymptotic normal
approximation is far from satisfactory in both cases. Part of the error is the
bias (78), but correcting the bias—or even using the exact mean and variance
in a normal approximation—still leaves a large approximation error, whereas
the Pearson approximation is nearly exact.

HA = 03 93 = 03, nyg = 1, ny = 9, T =120

12 4
---------- Asymptotic
---------- 4-Moment App.
Exact
10 H
8
T
g
4 4
2 4
o ‘ ‘ ‘ e m )
0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 6: Exact density of 7 for nested models with 4 = 05 = 0.3, ng =1, n; = 9, and
T = 120, together with the asymptotic distribution and the Pearson approximation.

The t-ratio for nested models. For nested models, Oap is numerically
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04=03,05=02n9=1,n =9, T =120

10 4
---------- Asymptotic
’ ‘\ — — — Asymptotic (Bias-adjusted)
94 / \ 2-Moment App.
1 A e 4-Moment App.
1 Exact
8 -
74
6+
=
44
34
24
14
0 S f T T T f T T T 1
-0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
#
9o 04=03,0=02,n9=1,n=9,T =600
o , o S PYPIITRR Asymptotic
20 4 , \ - —:\s_\'m])(nu(- (Bias-adjusted)
\ 2-Moment App.
§ : L S {-Moment App.
18 4 :,-' '1_“ Exact
16 +
14
12+
S
=
10
8
[
4
2
0 T T 1
0 0.05 0.1 0.15
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Figure 7: Exact density of 7 for nested models with 84 = 0.3, 0 = 0.2,n9 = 1, n; = 9, and
T =120 (top) and T'= 600 (bottom), together with normal approximations (asymptotic,
bias-adjusted, exact mean and variance) and the Pearson approximation.
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identical to 6% = 62, so the t-ratio (63) collapses to

t{(7) = fgﬂ = = VTG T (82)
[2(2 + 6% + 0%)7] 2(2 4+ G)G|z

N

where G = 7/(1462) is, conditionally on 62, the Gibbons et al. (1989) statistic
GTr/(+0)

. T-m, - Two immediate consequences follow. First, P[t(7) < 0] =0, and

t(7) is bounded above by /T/2 (approached as G — o0). Second, since
t(7) is a monotonic transformation of G, exact inference under Hy : 7 = 0 is
available directly from the F-distribution of the GRS statistic: if ¢, satisfies
PGy 1-n, > o] = «, then

P

t(7) > = a. (83)

VTe, ]

[2(2 + ca)cal?
For 0 < ¢ < 4/T/2, the exact cdf and density of ¢(7) are

22

T Tz 4c 8Tc T62
ft('r)( ) /0 gn:-T nA (T _ 202) (T _ 262)29n0,%—n0(x>dx' (85)

itz 402 T3
PIt(?) < [ = ]gno,%%(as)dx, (4)

Under 7 = 0 we have TG % X5, SO

t(7) & VX (36)

2 Y

a positive random variable with mean I'((n; +1)/2)/[v/2T'(n,/2)]-nowhere

near the standard normal. Figure 8 plots the exact density of ¢(7) for 7 = 0,
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0.1, and 0.2 with 0 = 0.2, nyp = 1, and n; = 9. Under the null, ¢(7) is
far from standard normal; moreover, the null distribution of #(7) does not

depend on 6p, so no choice of nuisance parameter rescues the standard normal

benchmark for nested models.

05 =02,n9=1,n =9, T =120

1.2 4
7=0
.......... =01
7T=02
14
...\
0.8 -
>
h=1
Z 061
j
)
0.4 4
0.2 4
”’\‘
04— T
2.5 3 3.5 4

Figure 8: Exact density of ¢(7) for nested models with 05 = 0.2, ng =1, ny =9, T = 120,
for 7 =0, 0.1, 0.2, together with the standard normal density.
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4.2. Non-overlapping models

Suppose now ng = 0, so Model A has factors r1; (n; x 1), Model B has

factors 1oy (ng x 1), and
7= 43 iy — 1525 fla, (87)

with /i ~ N (g, /T independent of TS ~ Wy, 1, (T —1,%). In this subsec-
tion we write 0% = )3 11, 0% = Yoy o, and Oap = ph X S 1000 fo =

pQAHB.

4.2.1. A canonical stochastic representation
_1 _1 .
Let Ry = X, X12%,,° with singular value decomposition Ry = Q1 D@,

where Q1 (nq X ny) and Q3 (ng X ny) are orthonormal and

D

S
I

D = Diag(dy,...,dy,), (88)

O(n1 7TL2)><TL2

with singular values d; > dy > -+ > d,,, > 0. If rank(2Z13) = k < ng, then
di >0 =dgy1 = -+ =d,,. The d;’s are the canonical correlations between
r1; and 7o defining the rotated factors 7y = Q’lEl_lérlt and 7y = Q’QEQQ%T%
we have Var[fy] = I,,,, Var[fy] = I,.,, and Cov|[fy, 7%,] = D. In particular, d;
is the maximal correlation between portfolios of r1; and portfolios of ro;. The

1 1
means ji; = Q1> p1 and fis = Q5% 1o are the vectors of Sharpe ratios of
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the rotated factors, and

ni no i
bh = Z Tt 0y = Z 3.5 Oap = Z difiy ifl ;- (89)

_1 _1
Let 21 = VTQ\ X2 i1, 22 = VT Q) %52 iz, and

_1 _1
W _ Wll W12 _ T Qazllz 0711 Xilgl 2 2112 Ql OTillXTLQ
War Wa 0n2 xn1 QIQEQQZ 0n2 Xnq Z222 QQ
I,., D
~ VVni+ng T— 17 ~ ) (90)
D 1,

independent of

Z1 \/Tﬂl [nl D
N ~
29 \/T,aZ D' Inz

Then
N2 ryr7—1 N2 ryr7—1 ) 171 -1
0x = 2 Wiy 21, Op = 2,Wo, 22, Oap = Wiy WiaWsy 2. (92)

A sequential conditioning argument, whose details are given in Appendix C,
reduces this representation to a simulation algorithm for the triple (6%, 6%, 0,45)
that requires only univariate normal and chi-squared draws and one k-dimensional

Wishart draw, regardless of n; and ny. Partition z; = [2],, 2,]" with 2z, the
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first k elements, let fi;, and fig, collect the first k& elements of f; and fio

and [ig, the remaining ny — k elements of fis, and let Dy = Diag(dy, ..., dy),

Cy =

(I — D})z, C' = C;' Dy, = Diag(di//1 — d2)i<y, w1 = T(07 — i ofina),

and wy = T(0% — [, fioa). The algorithm produces 62 directly, together with

three scalars (by1, b1a, bag)—identified in Appendix C as quadratic forms in

an inverse noncentral Wishart matrix—from which (6%, 04p) are obtained in

the final step:

1.

Generate z1, ~ N(\/T[Lla,fk) and Ujy = AA" ~ Wi (T — 1, 1;,), with

A its Bartlett factor, and set a = 2|, U 210 If ny = k, set 0% = a;

Wi

o) and vy ~ x7_,,, and set

otherwise generate v ~ Xil—k(

U1

04 =a+(1+a) (93)

V2

Generate 23, ~ N(\/TC',,;lﬂza + (210 — VTji1a), Ik>.

Generate 31, ~ N(Cz14/04, 1) and Viy = (Z 4 F)(Z 4+ F) + V,, where
Z is a k x k matrix of independent standard normals, Vo ~ Wy (T —2 —
k, Iy) is generated by the Bartlett decomposition, and F' = G'C, with

o 1-(1- a/6?)z
a

G=A

210, w= A"z, (94)

the closed-form square root of the rank-one downdate: GG’ = Uy —

2107, /0% (note that a < 0% by construction).

_ 0 171 _ 0 171 VAR ¥ |
. Compute a1y = y1,Vi7 Y1a, @12 = ¥1,Vi1 234, and agy = 23, V7 234.

. I ng =k, set (b1, b12, baa) = (a11, @12, az2).
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ai2q1

a2
6. If ng = k+1, generate ¢, ~ N(0,14+a11), ¢ ~ N (—\/T/’lgb + T 14+ a9y — Hl;l),

and u ~ x%_, ,, where fig, is the last element of i, and set

-9 ~ ~9
q q19 q

bi1 = an + —1, bia = aiz + a= 2, bog = agg + 2. (95)

U U U

7. If ng > k + 1, generate

Z ~ N(07 I+ all)a qo ~ (1 + all)XiQ_k_ly qg=qo+ 52,

a / 3 2
~NN( vl u}2271+0l22— 2 ),

Y 1+ an Va4 1+ ap;
a? 1 w
v~ <]_ + a9 — 1 12 ) X%27k71 a2 240 )
+ @ 1 + a2 — 1+11211 q
u ~ X%—n2—17 w ~ X?F—ny T~ N(07 1)7 (96)
and set
by = ai + %7
_ [U\z
512:a12+\/?6 [y— (5)24 )
v 1. v\ 3 2
522:a22+5+5 Z/—(E) T (97)
8. Set
X 04 bro X %
Q45 = , 02 = byy — —2 98
AB 1+ byy B 22 1+ by (98)

The algorithm involves no noncentral Wishart draws, so it is dramatically
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~

faster than simulating (i, >) directly. It also shows that the exact joint distri-
bution of (6%,0%,0,45) depends on the parameters only through (dy, . .., dy),
fi1a;s fi2a, 0%, and 6%—at most 3k + 2 scalars.

Rao—Blackwellized distribution and density estimates. When the object
of interest is the cdf or the density of 7 rather than draws, the algorithm
can be sharpened further. Generate é% from the alternative representa-
tion (C.5) of Appendix C, which does not involve (vy,vy), and let G =
(214, U11, 234, Ui, us, ug) collect all of the generated quantities except (vq, v2),
so that éQB is a function of G. Conditional on G, the event {7 < ¢} is equiv-
alent to {vy /vy < (¢ + 0% —a)/(1 4 a)}, where a = 2| ,U;' z14. Since, given
G, v1 ~ xp,_p(wi1/(14a)) and vy ~ x7_,,, are independent and depend on G

only through a, we obtain

) ) . o It T —n)(c+6%—a
P[T§C|g]:P[TSC|Zla7U1179%]:le/gﬂl;)m(( (m 1—>(]€)(1 —f(l) ))

(99)
for ¢ + é% > a, and the probability is zero otherwise when n; > k, where
F .(-) denotes the cdf of the noncentral F' distribution with (m, n) degrees
of freedom and noncentrality parameter A. (When n; = k, 92 = a and
the conditional probability degenerates to the indicator of {a < ¢+ é%};
if nyg > k, the roles of the two models can be interchanged to restore a
smooth estimate.) Averaging the smooth conditional cdfs (99) across repli-

cations, rather than averaging indicator functions, is a conditional Monte

Carlo, or Rao-Blackwellization, argument (Hammersley, 1956; Gelfand and
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Smith, 1990): by the law of total variance it never increases, and in our
experiments substantially reduces, the simulation variance, and differentiat-
ing (99) with respect to ¢ delivers smooth density estimates without kernel

smoothing.

4.2.2. The special case k =1

When k = 1 we write d; = R, so C' = R/+/1— R?, and the joint dis-
tribution of (6%,60%,045) depends on five parameters: R, 0%, 6%, fiia, and
1. The specialization is in k only, and applies for general ny and ng: k=1
requires only that R;5 have rank one, which holds automatically when ny =1
(provided Rys # 0,,,) and otherwise means that a single linear combination of
the Model B factors is correlated with the Model A factors; when ny > 1, the
surplus 6% — i3, > 0 enters through the noncentrality parameter wy. When
ny = k =1 we have 0% = [i3,. Since the singular vectors of Ry, associated
with d; are determined only up to a joint sign change—which flips fi1, and
[l2q together, leaving their product invariant—we may set [io, = 05 without
loss of generality, so only four parameters remain. The correlation between
the two tangency portfolios is

_ Rﬂlaﬂ@a

1
ol (100)

which, upon substituting jio, = 0p, gives fi1, = (p/R)04. The simulation
algorithm requires only univariate random variables: zy, ~ N (\/Tﬂla, 1),

Ull ~ X%fla Z3aq ™ N(m37 1) with ms = [\/T/ZQa—{'R(Zla - \/Tﬁla)]/ V31— R27
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Yo ~ N(Cz14/04,1), and Vi1 = (z + F)? 4 vy, with z ~ N(0,1), vy ~
X2 and F = C(Uyy — 22,/6%)2. For the Rao-Blackwellized estimates and
the moment derivations, the alternative representation (C.5) of é% uses the
noncentral chi-squared variable Uy; which, specializing (C.7) to k = 1, can

be generated as

2
. R2U
Ull = ( 11 + [L') + u, XT ~ N(07 1)a U~ X%“—Q’ (101)

with « and u independent of each other and of (z1,, U1y, 234), so that condi-

R2Uy4
1—-R?

tionally on Uy, Uu ~ X?p_1< > It is worth emphasizing that the exact
joint distribution of (6%,6%) depends on R, whereas the asymptotic joint
distribution depends only on (6%, 6%, p). One can verify that p? < R?, with

equality if and only if 2, = 6% and 3, = 0%.

4.2.3. Ezact joint moments for k =1

The representation also delivers the exact product moments of (9?47 9%)

when k = 1. Let v;; = E[6%6%]. For i < (T —ny)/2 and j < (T — ny)/2,

= T B EE ) > (1) iy (7 prspn )

7 r=0 s=0

T-—-1
X o F (7’75; T§R2> ) (102)

where (a),, denotes the Pochhammer symbol, zy, is the first element of zs,

wy = 221 ~ Xil—1(T(9i - ﬂ%a))a and wy = 25,29 ~ Xig—l(T(QQB - ﬁ%a))-
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The bivariate normal product moments E[227225] can be computed with the

recursion (30), and the noncentral chi-squared moments satisfy the three-

term recursions of Hillier et al. (2014),

E[wf] = [T(04 — i2,) + 4k +ny — 5| E[wt™] — 2(k — 1)(2k + ny — 5) E[w 2],
(103)

with E[wl] = 1 and Elw,]| =n; — 1+ T(0% — /i3,) (and analogously for w,).
Two special cases are worth recording. When ny = 1 (a single unique

factor in Model B, the most common case in applications), wy = 0 and

_ 1 : i 2r 27 i—r T_l 2
Vij = 9i (% _ l’)i2j (E —j) Z (T>E[zla223]E[w J2Fy (7“79, T’R ) ,

2 j r=0
(104)
and when n; =ny =1,
E[zi‘lzgi] ( L T'—1 2)
Vi = 57T N o1 eh |\ —— R, (105)
(i), (5 ), 2

consistent with the two-asset results of Section 2.2 (where R = p because

ny = ng = 1 implies i}, = 6% and i3, = 0%). In particular, when ny = 1,

BB = —12)(T ) {(1 1) {nl T (1 B 1/")?_22)}

2 2 _
- {(1 +T03) (1 + T%‘f ) + 2R? +4T€A93p} oF, (1, 1; u'ﬁ)} ,

5
(106)

46



which, combined with the marginal moments, yields the exact covariance

Cov[0?,60%] in closed form. Using oF (1,1; 554 R?) = 1+ 282 4 O(T2),
one can verify that

lim T Cov[0%,0%] = 2p0.405(2 + pf405), (107)

T—o00

matching the asymptotic covariance in (52), which is independent of R. In

finite samples, however, R has a first-order effect on the joint distribution.
With the exact moments of (6%,6%) in hand, the moments of 7 follow

from the binomial expansion E[#¥] = 3% | (*)(~1)*~"1,;_;, and a Pearson

curve can be fitted to the first four moments.

4.2.4. Numerical illustrations

Figure 9 presents the exact density of 7 for a non-overlapping comparison
with ny =5, no =1, 04 =0.18, g = 0.16, p = 0.8, R = 0.9, for T' = 120
(top) and T" = 600 (bottom). The asymptotic normal distribution is a poor
approximation at 7' = 120 even after bias and variance corrections, and a
noticeable gap remains at 7' = 600. The Pearson approximation, in contrast,
works very well at both sample sizes.

Figure 10 examines the t-ratio. The top panel plots the exact density of
t(7) for ny = 5, ng =1, T = 120, p = 0.8, R = 0.9, and common values
04 = 0 = 0. Two patterns emerge. First, because of the bias of 7, ¢(7)
has a positive mean even though 7 = 0. Second, for small 6 the distribution

departs dramatically from the standard normal, in line with the degenerate
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Figure 9: Exact density of 7 for non-overlapping models with n; =5, no =1, 64 = 0.18,

0 = 0.16, p = 0.8, R = 0.9, for T' = 120 (top) and T' = 600 (bottom), together with
normal approximations and the Pearson approximation.
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limit theory of Section 3.3. The bottom panel uses the unbiased estimator of
7 in the numerator of the t-ratio, denoted #(7,). Bias adjustment centers the
distribution but does not restore normality: the adjusted ¢-ratio is markedly
skewed, leading to under-rejection on the right tail, and the problem worsens
as # decreases. Figure 11 repeats the exercise with 7" = 600: the distributions
move toward the standard normal, but for § = 0 or 0.1 substantial departures
remain—in the former case because the limit is not N (0, 1), and in the latter

because convergence is very slow.

4.3. Querlapping models

Finally, consider the overlapping case with ng > 0 and ny > 0. Define

the regression intercepts and residual covariance blocks

o = by — 2102601,“07 Qi =% — EiOZaolzoja i,j € {1,2}, (108)

so that

61 = o\ Otan = 04 — 63, (109)
85 = ayon ay = 0% — 02, (110)
(512 = O/lQl_llngQ;;Ozg = HAB — 9(2), (111)

with the identical relations holding for the sample counterparts, e.g., 5% =
&, Q7 én = 0% —02. Thus 7 = 62— 62, and the analysis of the non-overlapping

case carries over with three modifications: (i) all distributions are taken
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Figure 10: Exact density of ¢(7) (top) and of the bias-adjusted t(7,) (bottom) for non-
overlapping models with ny =5, no =1, T =120, p = 0.8, R = 0.9, and common Sharpe

ratios 04 = 0 = 0, together with the standard normal density.

20



n=5mny=1p=08 R=0.9,T =600

0.8 4

=3
=
1

Density

(%)
ny=5ny=1p=08 R=0.9,T =600

0.6 4
.......... 0=0

Density

Figure 11: Exact density of ¢(7) (top) and of the bias-adjusted t(7,) (bottom) for non-
overlapping models with ny =5, no =1, T = 600, p = 0.8, R = 0.9, and common Sharpe

ratios 04 = 0 = 0, together with the standard normal density.
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conditional on 02 ~ X2 (T63)/x%_,; (ii) the relevant canonical correlations
dy > -+ > d,, are the singular values of Ry = QL%QHQ;;, i.e., the canonical
correlations between the residuals of the unique factors after projection on
the common factors, and fi; and fi; become the corresponding vectors of
appraisal ratios, ji; = Q/lQl_léal and jip = Q’ZQ; oy, with 63 = 65+>°1 fif

and 03 = 6F + Y72, i3 ; (iii) the degrees of freedom lose ng: conditional on

N2
Q07

4= ay "N a | 1 4;08 Qi Qi | (1)
Qo Qs Qa1 Qoo
T ~ Wiy (T — g —1,9) (113)

with & and O independent. Consequently, defining z; = ﬁQ’lQl_lééq/ 1+ ég
and z, = \/TQng ao/4/1+ ég, the entire apparatus of Section 4.2.1 applies
conditionally on ég with T"—1 replaced by T'—ng — 1 in the Wishart degrees
of freedom, T — n; replaced by T' — ng — n; in the chi-squared degrees of

freedom, and the noncentrality parameters w; divided by 1 + ég:

wp = ~ ) Wy = ~ .
1+ 063 1+ 063

The squared Sharpe ratios are then recovered as

=0+ (1+6) U "2, 05 =00+ (14640 "z (115)
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The degrees-of-freedom substitutions and output mappings that adapt the
simulation algorithm of Section 4.2.1 to the overlapping case are collected
in Appendix C. The Rao-Blackwellized cdf and density estimates of Sec-
tion 4.2.1 also carry over: writing 7 = 2(Q4 — Qp) with z = 1 4 02, the
conditional cdf (99) applies with z added to the conditioning set G, ¢ re-
placed by ¢/x, T — ny replaced by T"— n4, and w; replaced by w;/x. As in
the non-overlapping case, only univariate and k-dimensional draws are re-
quired, and the exact joint distribution of (0?4, éQB, 0 4p) depends on at most
3k + 3 parameters: 62, (di,...,dy), fi1a, floa, 04, and 6%. When k = 1 and

ny = 1, five parameters suffice: (6y,04,05, p, R), since

_ 019 pO40p — 02 _ d1p N
pP= = ) Hie = —F floq = O2. (116)
0102 /(05 — 63)(0% — 63)

The exact moments of 7 are obtained conditionally on = 1 + §2. For
k=1, letting 62 = 62 = 0% — 02 and 62 = 62 = 6% — 02, i.e., (1 + 62) times
the normalized quadratic forms 2,U "'z and 24U 'z, so that 7 = 02 — 62,
the same derivation as in Section 4.2.3 yields, for i < (T'—n4)/2 and j <

(T'—npg)/2 (with ng = ng+ny and ng = ng + na),

o 1 L = ()
21 527 _ ~2r ~2s
E[61°65" |z] = oi (T—2nA _ i)i2j (T—QnB —j) § : (T) (S)E[21a32a|$]

j r=0 s=0

A A T—ng—1
< Blai o) Elaf~"|s) o F; ( . R?) S

where Z;, = /xz;, and w; = zw;, whose conditional moments satisfy re-
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cursions analogous to those of Section 4.2.3 (with x entering as a scale fac-
tor); the details are in Appendix C. Inspection of the recursions shows that
E[6%65|2] is a polynomial of order i + j in , so its unconditional expecta-
tion follows from the moments of x = 1 + ég, which are available in closed
form. As in the other cases, limy_,o T Cov[0%,0%] = 2p0405(2 + p0405),

independent of R, although R matters in finite samples.

Remark 2 (Density spike at zero). The logarithmic divergence of the den-
sity of T at zero, established in Appendiz A for non-overlapping models with
ny = ny = 1, has an exact analogue for overlapping models. Conditionally on
r=1+ 987 T = 5% — 5% s a difference of two quadratic forms with ny and ns
degrees of freedom, and the density of T at zero is the integral of the joint den-
sity of (62,03) along the diagonal, which behaves like Jo7 smtm2)/272ds near
the origin. The integral diverges if and only if nqa + ny < 2: for overlapping
models with a single unique factor on each side (ny = ny = 1, any ng), the
density of T diverges logarithmically at zero, exactly as in Appendiz A, while
for all other (ny,ns) it is finite, though possibly very peaked, at zero. For
nested models, where 7 > 0, the conditional F representation of Section 4.1
shows that the density behaves like 7"/~ at the origin: it diverges like 7=/
when nq = 1, is positive and finite when ny = 2, and vanishes when ny > 3.

Figure 12 shows the exact density of 7 for an overlapping comparison
with ng = 2, ny = 3, np = 1, 6 = 0.15, 64, = 0.2, g = 0.18, p = 0.8,
R =0.9, for T'= 120 (top) and T" = 600 (bottom). At 7" = 120 the normal
approximation is poor even after bias and variance corrections; the Pearson
approximation is very accurate on the right tail, though somewhat less so on
the left tail at 7' = 120, and very accurate overall at T = 600. Figure 13 plots
the exact densities of ¢(7) and #(7,) for ng = 1, ny =4, no = 1, T = 120,

6y = 0.1, p = 0.8, R = 0.9, and common values #4 = g = 0; Figure 14
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repeats the exercise for 7' = 600. The patterns mirror the non-overlapping
case: the t-ratio is right-shifted by the bias of 7, bias adjustment produces
a skewed distribution with under-rejection on the right tail, and departures

from the standard normal remain visible at 7" = 600 for small 6 — 6.

5. Finite-sample tests

The distribution theory of Section 4 delivers implementable finite-sample

tests. The natural testing problems are

Hy:7=0 vs. H :7>0 (nested models, where 7 > 0 by construction),

and

Ho:7=0 vs. H :7#0 (non-overlapping and overlapping models).

For non-nested comparisons the two-sided alternative is the relevant one: ex
ante, neither model is favored, and the test should be able to detect supe-
riority of either model. The two problems differ sharply in difficulty: for
nested models an exact similar test exists—the nuisance parameter prob-
lem disappears entirely—whereas for non-nested comparisons the exact null

distribution depends on nuisance parameters under H,.
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Figure 12: Exact density of 7 for overlapping models with ng = 2, n; = 3, ny = 1,
6o = 0.15, 64 = 0.2, g = 0.18, p = 0.8, R = 0.9, for T = 120 (top) and T = 600
(bottom), together with normal approximations and the Pearson approximation.
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Figure 13: Exact density of ¢(7) (top) and of the bias-adjusted ¢(7,) (bottom) for over-
lapping models with ng =1, ny =4, no =1, T = 120, 5 = 0.1, p = 0.8, R = 0.9, and
common Sharpe ratios 84 = g = 6, together with the standard normal density.
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Figure 14: Exact density of ¢(7) (top) and of the bias-adjusted ¢(7,) (bottom) for over-
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common Sharpe ratios 84 = g = 6, together with the standard normal density.
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5.1. Nested models: an exact test

Suppose Model B is nested in Model A. As shown in Proposition 1 of
Barillas and Shanken (2017), comparing a nested pair of models amounts to
testing that the alphas of the excluded factors r1; on Model B are jointly
zero, so the exact test is the Gibbons et al. (1989) F test. In our notation,

under Hy : 7 =0,

T—TlA T

F — ~
ny 1+9123

o 1on, (118)

exactly, for every value of the nuisance parameter y: by (75), conditional
on ég the noncentrality vanishes under 7 = 0, so the conditional—and hence
unconditional—distribution of Fis central F,, r—_ ,, free of ). The test that
rejects Hy when F' exceeds the 1 — o quantile of the F),, r_,, distribution
therefore has exact size «, and its power is strictly increasing in 7 by the
stochastic monotonicity of the noncentral F' distribution in its noncentrality
parameter. Since t(7) is a strictly increasing transformation of the GRS
statistic (Section 4.1), the exact test can equivalently be stated in terms
of the t-ratio; what is invalid is only the standard normal benchmark. We
therefore recommend the exact F' test for all nested comparisons, at any

sample size.

5.2. Non-overlapping and overlapping models: plug-in tests

For non-nested comparisons no transformation analogous to (118) re-
moves the nuisance parameters. Although the null Hy : 7 = 0 pins down

7, the exact null distribution still depends, in the canonical parametrization
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of Section 4.2, on ¢ = (0,dy,...,dy, fi1e, fize) With 04 = 0 = 0, plus 6,
in the overlapping case—at most 3k + 2 elements—so no exact similar test
exists; the same nuisance dependence afflicts the asymptotic test, with the
aggravating feature that the quality of the normal approximation itself varies
over the nuisance space and breaks down entirely as 6 | 0 (non-overlapping)
or 0 | 0y (overlapping).

We recommend the following plug-in (parametric bootstrap) test: reject
Hy when t(7) < éq/2 Or t(7) > ¢1_a/2, where ¢, denotes the ¢ quantile of the
exact null distribution of ¢(7) evaluated at restricted nuisance estimates that
impose 7 = 0; equivalently, the two-sided p-value is twice the smaller of the
two estimated tail probabilities of the observed statistic. The equal-tailed
form matters: the exact null distribution of ¢(7) is markedly asymmetric—
right-shifted by the bias of 7 when n; > ny—so a test that rejects when
|t(7)| exceeds a symmetric critical value allocates almost none of its rejection
probability to the left tail. (A one-sided test of Hy : 7 < 0 obtains by
using only the upper-tail critical value ¢,_,; since the distribution of ¢(7)
is stochastically increasing in 7 holding the remaining parameters fixed—a
property we verified numerically—size control on the boundary extends to
the composite one-sided null.)

The restricted nuisance estimates are constructed as follows, for any ny =

k > 1. All elements of ¢ are consistently estimable on the boundary. We
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pool the unbiased estimators of the two squared Sharpe ratios,

P — i {07 (T —n1 =203 = m] + (T — ny = 2)6% — | } )
2T
take d, . . ., dj, to be the sample canonical correlations (clipped to [0.01, 0.995]),
and obtain the rotated mean vectors from the singular value decomposition
of ng, projected onto the feasible set: f[is, is the estimated rotated mean
of Model B rescaled to length é, which imposes the boundary restriction
exactly since 0% = jib,fio, when ny = k, and fij, is the estimated rotated
mean of Model A scaled by 5/9,4 and capped at length 6. For overlapping
models we additionally set #2 = max{0, [(T —no—2)02 —ng]/T'} and pool the
bias-corrected appraisal ratios, with all quantities computed from the resid-
ual covariance matrix €. The exact null distribution of t(7) at any such ¢
is generated by the algorithm of Section 4.2.1, with k = ny throughout: the
parametrization is continuous as d; — 0, so no rank pretesting is required,
and the critical value is obtained in seconds. The inner distribution is exact,
so the only source of size distortion is the estimation error in 1[]’ a second-
order effect (Beran, 1988), as opposed to the first-order failure of the normal
approximation. A higher-dimensional nuisance estimate (larger ny) makes
this second-order error somewhat larger, but the construction is identical for

every k.

Remark 3 (Fast implementation for ny, = 1). When ny = 1 the canon-
ical nuisance vector collapses to v = (0, p, R) for non-overlapping models,
or (6o,0,p, R) for overlapping models, where R is the multiple correlation
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between the Model B factor and the Model A factors (computed from resid-
uals in the overlapping case) and p is the correlation implicit in 0,5. The
general construction above then reduces to explicit scalar formulas: R? =
2212f11212/222, p = éAB/(éAéB) (truncated to [—0.99,0.99]), and i1, =
QNpA/R (capped at £0). In addition, the inner simulation involves no k X k
matriz operations at all—every step reduces to scalar arithmetic on vectors
of draws, as in Section 4.2.1 with k = 1—so the null distribution can be
simulated in a fully vectorized form and the critical value is obtained in a
fraction of a second.

When provable size control is required, two refinements are available at
moderate additional cost, both feasible only because the exact null distribu-
tion can be evaluated cheaply at any v: the maximized Monte Carlo test of
Dufour (2006), which takes the supremum of the critical value (or p-value)
over the boundary nuisance space and has size at most a by construction;
and the confidence-set variant of Berger and Boos (1994), which restricts the
supremum to a 1 — 3 confidence set for ¢/ and rejects when the maximized
p-value plus 3 is below «, retaining most of the power of the plug-in test
while guaranteeing the level. Estimation error in a higher-dimensional U
also enlarges the space over which the maximized Monte Carlo version takes

its supremum, but neither issue is specific to our setting.

5.8. Size and power

Table 1 reports the empirical size of three two-sided tests of Hy : 7 =0
at nominal a = 5% for T" € {60, 120,240,600}, together with their power
against fixed alternatives, based on 10,000 Monte Carlo samples with 100,000

inner replications for the plug-in critical values (simulation standard error
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~ 0.002). The three tests are the equal-tailed plug-in test, the asymptotic
test |t(7)| > 1.96, and the bias-adjusted asymptotic test |¢(7,)| > 1.96, where
7, replaces 7 in the numerator of the ¢-ratio with the unbiased estimator of
7—the adjustment employed by Barillas et al. (2020)—while keeping the
same variance estimate. To reduce the computational cost, the underlying
normal and chi-squared draws of the inner simulation are generated once
and reused across the Monte Carlo samples (common random numbers): the
degrees of freedom of the chi-squared variates depend only on (7', ng, nq,n2),
and the estimated nuisance parameters enter the stochastic representation of
Section 4.2 only through location shifts and noncentralities, so the reuse is
exact.

The table covers both ny = 1 and n, = 2 configurations; in the latter,
the plug-in test uses the general-ny implementation of Section 5.2 (the mean
directions are fiy, o< (0.5,0.3)" and fis, < (0.8,0.6)" for the § = 0.2 rows, and
fitg < (0.6,0.2); fig, o (0.7,0.7) for the § = 0.3 rows). Four findings emerge.

First, the plug-in test controls size well throughout: across the forty-
eight size entries its empirical rejection rate lies in [0.016,0.065], and in the
nondegenerate configurations it approaches the nominal level from below
as T grows. Modest overrejection appears in the nondegenerate no = 1
configurations at moderate and large sample sizes, but it never exceeds one
and a half percentage points (maximum 0.065).

Second, the two-sided asymptotic test based on #(7) is severely undersized

in every configuration: its size ranges from 0.002 to 0.049, and in none of the
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Table 1: Empirical size and power of two-sided tests of Hy : 7 = 0 at nominal o = 5%.

Plug-in t(7) t(7a)
T 60 120 240 600 60 120 240 600 60 120 240 600
Size: non-overlapping models, ny =5, ns =1, p=0.8, R=0.9
0=0 0.026 0.023 0.025 0.025 0.007 0.005 0.005 0.006 0.030 0.032 0.031 0.034
#=0.1 0.041 0.041 0.046 0.054 0.009 0.009 0.010 0.015 0.031 0.030 0.023 0.024
0 =02 0.045 0.065 0.062 0.060 0.010 0.015 0.020 0.030 0.023 0.028 0.028 0.034
0=0.3 0.055 0.058 0.064 0.058 0.016 0.024 0.029 0.039 0.024 0.024 0.034 0.040

Size: non-overlapping models, ny =5, no = 2
0 =0.2, (dy,d2) = (0.8,0.4) 0.047 0.057 0.060 0.055 0.011 0.015 0.024 0.037 0.003 0.009 0.021 0.034
0 =0.3, (dy,d2) = (0.5,0.3) 0.046 0.050 0.051 0.053 0.021 0.029 0.039 0.049 0.005 0.015 0.030 0.044

Size: overlapping models, ng =1, n, =4, no=1,60,=0.1, p=0.8, R=0.9

0 =0.10 0.016 0.016 0.016 0.017 0.003 0.002 0.002 0.002 0.031 0.032 0.035 0.034
0 =0.15 0.029 0.038 0.051 0.060 0.005 0.005 0.007 0.014 0.030 0.028 0.030 0.034
6 =0.20 0.036 0.046 0.064 0.063 0.005 0.008 0.013 0.022 0.026 0.024 0.031 0.038
0 =0.25 0.041 0.052 0.061 0.065 0.006 0.011 0.018 0.035 0.024 0.025 0.029 0.041

Size: overlapping models, ng =1, ny =4, ny =2, 6, = 0.1
0 =0.2, (dy,ds) = (0.8,0.4) 0.029 0.039 0.053 0.053 0.007 0.008 0.018 0.029 0.002 0.004 0.015 0.029
0 =0.3, (d,d2) = (0.5,0.3) 0.040 0.051 0.052 0.048 0.016 0.025 0.035 0.041 0.003 0.014 0.029 0.039

Power: non-overlapping models, ny =5, no =1, p=0.8, R=10.9

(04,08) = (0.30,0.15) 0.170 0.564 0.947 1.000 0.141 0.467 0.920 1.000 0.004 0.060 0.527 0.999
(04,05) = (0.15,0.30) 0.242 0.385 0.632 0.967 0.007 0.060 0.358 0.935 0.096 0.255 0.585 0.970
Power: non-overlapping models, ny =5, no =2, (d1,d2) = (0.8,0.4)

(04,05) =(0.30,0.15) 0.083 0.223 0.517 0.915 0.066 0.185 0.494 0.922 0.005 0.041 0.259 0.861
(04,05) = (0.15,0.30) 0.137 0.249 0.436 0.835 0.010 0.045 0.226 0.757 0.028 0.118 0.349 0.821
Power: overlapping models, ng =1, n1 =4, ny=1,0,=0.1, p=0.8, R=0.9

(04,05) = (0.30,0.15) 0.220 0.618 0.934 0.999 0.120 0.438 0.870 0.999 0.003 0.082 0.581 0.996
(04,05) = (0.15,0.30) 0.194 0.365 0.641 0.972 0.012 0.093 0.439 0.955 0.092 0.269 0.615 0.975
Power: overlapping models, no =1, ny =4, no =2, 6y = 0.1, (dy,ds) = (0.8,0.4)

(04,05) = (0.30,0.15) 0.083 0.233 0.590 0.964 0.044 0.154 0.501 0.958 0.004 0.047 0.312 0.928
(04,05) = (0.15,0.30) 0.106 0.247 0.503 0.884 0.011 0.067 0.301 0.841 0.018 0.114 0.399 0.875

t(7,) denotes the t-ratio with the unbiased estimator of 7 in the numerator and the
same variance estimate in the denominator, the bias adjustment employed by Barillas
et al. (2020). The no, = 2 power rows use the same rotated-mean directions as the
0 = 0.2 size rows—i1, x (0.5,0.3)" and fia, x (0.8,0.6)—rescaled so that the squared
Sharpe ratios of the two models equal 6% and 67%.
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twelve configurations does it attain the nominal level, even with fifty years
of monthly data—the best case at T" = 600 is 0.049, for the non-overlapping
ny = 2 design farthest from the degenerate boundary (6 = 0.3). The distor-
tion is systematically more severe the closer the models: within each panel
the asymptotic size falls as 0 (or 6 — 6y) shrinks toward the boundary, drop-
ping below 0.01 at all sample sizes in the most degenerate rows. This pattern
is exactly what the theory of Section 3.2 predicts: the closer the two mod-
els, the closer the null distribution of ¢(7) is to the nonstandard degenerate
limit of Proposition 2, and the slower its convergence to normality. The bias-
adjusted statistic £(7,), the test implicit in the bias-adjusted comparisons of
Barillas et al. (2020), removes the right shift of the null distribution and is
consequently much less lopsided across configurations: in the ny = 1 panels
its size is far more stable (0.023-0.041), and at the degenerate boundaries—
where ¢(7) essentially never rejects—it is the least conservative of the three
tests (0.030-0.035). But bias adjustment does not correct the skewness of the
null distribution, so #(7,) remains undersized everywhere (maximum 0.044),
and in the ny, = 2 panels at short samples it is even more conservative than
t(7) (0.002-0.005 at T' = 60).

Third, at the fully degenerate boundary—6 = 0 in the non-overlapping
panel and # = 6y = 0.10 in the overlapping panel, where neither model
improves on nothing (respectively, on the common factor) and the limiting
theory fails entirely—both tests are conservative at all sample sizes: the plug-

in size stays near 0.025 and 0.016, respectively, regardless of T', a consequence
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of the truncation at zero in (119), while the asymptotic size is essentially zero.
This conservatism is the price of maintaining validity uniformly over the null.

Fourth, the power panels—which pair the 7 > 0 alternative (04,60p) =
(0.30,0.15) with the mirror-image 7 < 0 alternative (0.15,0.30) in all four
designs—show that the deficiencies of the two asymptotic tests are mirror
images of each other. Against the alternatives with 7 > 0 (Model A better),
t(7) has useful power (0.467 and 0.438 at 7' = 120 in the ny = 1 designs,
versus 0.564 and 0.618 for the plug-in test), but against the alternatives with
7 < 0 (Model B better) it is nearly blind at short samples: at T = 60
its power ranges from 0.007 to 0.012—indistinguishable from its own size—
versus 0.106 to 0.242 for the plug-in test. The reason is the right shift of the
null distribution of ¢(7): the symmetric region |t(7)| > 1.96 has essentially no
probability in the left tail, so evidence that the smaller model is better goes
undetected, and a two-sided comparison based on ¢(7) is biased toward re-
taining whichever model plays the role of Model A. Bias adjustment reverses
the asymmetry rather than removing it: ¢(7,) improves markedly on ¢(7)
against 7 < 0 (0.096 versus 0.007 at T = 60, non-overlapping ny = 1) but
collapses against 7 > 0 (0.004 versus 0.141 at 7' = 60, and 0.060 versus 0.467
at T' = 120), because recentering shifts the rejection mass from the right tail
to the left tail without correcting the skewness of the null distribution. The
equal-tailed plug-in critical values correct the level and both asymmetries at
once: at every T" < 240, in every design, and against both alternatives, the

plug-in test is the most powerful of the three (all three approach full power

66



at T = 600). At the sample sizes typical of empirical work, the plug-in test

delivers materially more power at a better-controlled size.

5.4. Empirical illustration: comparing corporate bond factor models

We now apply the tests to the traded corporate bond factor models stud-
ied by Dickerson et al. (2023), using their data set of monthly factor re-
turns from August 2004 to December 2016 (7" = 149). This application sits
squarely in the region where the Monte Carlo evidence of Section 5.3 im-
plies that asymptotic and finite-sample inference can differ materially: the
sample is short, the model-level sample squared Sharpe ratios are small, and
some of the factors are highly correlated. The six models are: the bond
CAPM (CAPMB), whose single factor is the corporate bond market factor
(éz = 0.061); the equity CAPM, with the stock market factor (0.026); the
single-factor model (HKMSF) with the traded intermediary capital factor of
He et al. (2017) (0.005); the two-factor intermediary model (HKM), with
the stock market and intermediary capital factors (0.037); the two-factor
model (DEFTERM) with the default and term factors of Fama and French
(1993) (0.028); and the four-factor corporate bond model (BBW) of Bai et
al. (2019), comprising the bond market factor and the downside risk, credit
risk, and liquidity risk factors (0.083). Three pairs are nested (CAPMB C
BBW, CAPM C HKM, HKMSF C HKM); the remaining twelve pairs share
no common factor, so they are non-overlapping in the sense of Section 4.2.

For each of the 15 pairs, Table 2 reports 7 = 6% — 6% (row model mi-
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nus column model, in the order of increasing model size), the test statistic,
and two p-values: the two-sided asymptotic p-value based on ¢(7) and the
N(0,1) limit, and the finite-sample p-value from the equal-tailed plug-in test
of Section 5.2 with 100,000 inner replications. For the nested pairs, the
statistic is the F statistic, the asymptotic p-value is from the chi-squared
test (T7/(1 + 6%) 5 X2,), and the finite-sample p-value is from the exact F

test of Section 5.1.

Table 2: Pairwise comparison of six corporate bond factor models, August 2004-December
2016 (T = 149).

Pair Type 7 t/F  pasy ps
CAPMB vs CAPM non-overlapping  0.035  0.970 0.332 0.268
CAPMB vs HKMSF non-overlapping  0.056 1.465 0.143 0.057
CAPMB vs HKM non-overlapping  0.024  0.614 0.539 0.389
CAPMB vs DEFTERM non-overlapping  0.034  0.988 0.323 0.210
CAPMB vs BBW nested —0.022  0.987 0.385 0.401
CAPM vs HKMSF non-overlapping  0.021 1.146 0.252 0.066
CAPM vs HKM nested —0.011  1.599 0.203 0.208
CAPM vs DEFTERM  non-overlapping —0.002 —0.040 0.968 0.853
CAPM vs BBW non-overlapping —0.057 —1.240 0.215 0.319
HKMSF vs HKM nested —0.032  4.724 0.029 0.031
HKMSF vs DEFTERM non-overlapping —0.023 —0.722 0.470 0.506
HKMSF vs BBW non-overlapping —0.078 —1.698 0.090 0.081
HKM vs DEFTERM non-overlapping ~ 0.010  0.237 0.813 0.799
HKM vs BBW non-overlapping —0.046 —0.924 0.355 0.461

DEFTERM vs BBW non-overlapping —0.055 —1.232 0.218 0.242

For non-overlapping pairs, the statistic is ¢(7), p-asy = 2®(—|¢(7)]), and p-fs is
the two-sided equal-tailed plug-in p-value. For nested pairs, the statistic is the F’
statistic of the exact test (the sign of 7 follows the row-minus-column convention),
p-asy is the asymptotic chi-squared p-value, and p-fs is the exact F' p-value.

The two tests deliver materially different inference, in both directions, and

the exact null distributions make the mechanism transparent. For pairs of
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models with the same number of factors, the exact null distribution of #(7) at
the restricted estimates is much less dispersed than N(0, 1): its 5% and 95%
quantiles are +1.35 for CAPMB vs. CAPM, £+1.30 for CAPMB vs. HKMSF,
and +1.04 for CAPM vs. HKMSF. This is the near-degeneracy analyzed in
Section 3: the pooled Sharpe ratio estimate is small (§ ~ 0.11-0.17 monthly)
and the factor correlation is sizeable (up to 0.82 between the stock market and
intermediary capital factors), so the studentization overstates the sampling
variability and the asymptotic test is severely conservative. The p-value for
CAPMB vs. HKMSF falls from 0.143 to 0.057, for CAPM vs. HKMSF from
0.252 to 0.066, and for CAPMB vs. DEFTERM from 0.323 to 0.210. For
pairs with unequal numbers of factors, the exact null is right-shifted (with
the larger model as Model A) — its median is about 40.2 for the (2, 1) pairs,
+0.3 for the (4, 2) pairs, and up to +0.5 for the (4, 1) pairs — so the direction
of the correction depends on the sign of the observed statistic: CAPM vs.
BBW (t = —1.24, the small model ahead) rises from 0.215 to 0.319. Ignoring
the shift makes the asymptotic test simultaneously conservative against the
larger model and liberal in its favor.

Economically, the finite-sample tests sharpen the conclusions of Dickerson
et al. (2023). The comparisons that the asymptotic tests judge far from
significant—the dominance of the bond CAPM and of the equity CAPM
over the single-factor intermediary model, and of the BBW model over the
same model—all become significant at the 10% level (p-fs = 0.057, 0.066, and
0.081), with CAPMB vs. HKMSF borderline at 5%. At the same time, the
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nested comparison of CAPMB with the full BBW model remains statistically
indistinguishable (7 = —0.022, exact F' p-value 0.401), reinforcing the central
finding of Dickerson et al. (2023) that the three BBW factors beyond the bond
market factor are redundant. For the nested pairs the exact F' and asymptotic
chi-squared p-values essentially coincide, as T' — n 4 is large relative to n,.
We have also performed a parallel analysis of the eight prominent equity
factor models compared by Barillas et al. (2020), over their January 1972
December 2015 sample (7" = 528). In the full sample, the asymptotic and
finite-sample tests deliver essentially the same inference: no verdict changes
at conventional significance levels. This is what the size analysis of Section 5.3
predicts: with T' = 528 and the sizeable, well-separated squared Sharpe
ratios of the equity models, the null distribution of ¢(7) is close to its N (0, 1)
limit, and the residual distortions are visible only in the far tails, where
they do not affect verdicts at conventional levels. Larger differences emerge
when the comparison is conducted over subperiods: in the second half of
the sample (January 1994-December 2015, T' = 264), three verdicts flip
at the 5% level, in each case because the conservative asymptotic test fails
to detect a difference that the exact test finds, and the flips involve pairs of
closely related models sharing four or five common factors—the configuration
in which Table 1 shows the asymptotic test to be most severely undersized.
The full set of results for the BKRS model comparisons, over the full sample

and both subperiods, is reported in the Online Appendix.
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6. Conclusion

Comparing asset pricing models by the squared Sharpe ratios of their
factor tangency portfolios (Barillas and Shanken, 2017, 2018) has become
standard practice, with inference based on the asymptotic normal distribu-
tion of the difference of the sample squared Sharpe ratios (Barillas et al.,
2020). This paper shows that the asymptotic normal approximation is un-
reliable in exactly the circumstances that model comparison is designed for:
when the competing models have similar explanatory power. For nested mod-
els the standard normal benchmark for the ¢-ratio is invalid under the null
at any sample size; for non-overlapping and overlapping models the approxi-
mation deteriorates rapidly as the models’ incremental contributions shrink,
with degenerate weighted chi-squared limits at the boundary; and the sample
difference is biased, can have an unbounded density at zero, and produces
markedly skewed t-ratios in finite samples.

Under multivariate normality, we provide a complete finite-sample dis-
tribution theory: exact distributions and moments for nested models via
a conditional GRS representation; canonical stochastic representations for
non-overlapping and overlapping models that reduce the joint distribution
of the two sample squared Sharpe ratios to a small number of parameters
and allow extremely fast exact simulation using only low-dimensional ran-
dom variables; and closed-form hypergeometric expressions for the exact joint
moments. For applied work, we recommend basing inference on the exact

distributions (or their nearly exact Pearson approximations) rather than on
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asymptotic normal approximations, and we caution strongly against standard
normal inference for nested comparisons.® For future work, it is important
to extend the analysis in the current paper and develop the corresponding
finite-sample theory for the squared Sharpe ratios of mimicking portfolios of

non-traded factors.

Appendix A. Linear combination of two correlated noncentral chi-

squared random variables

Suppose X; ~ N(uq,1) and, conditional on X; = x,

XQNN<“2+”($1_“1),1>. (A1)
1—p?

We seek the density and cdf of YV = aX? — 0XZ with a > 0 and b > 0.

Conditional on X; = =z, the equation ¥ = c has the two roots zo+ =

++/(ax? — ¢)/b. For ¢ > 0,
PlY < (]

—1/c/a
= / P[XQ < ZTg_ OF X5 > Z172’+|I'1]fX1 (Il)dl‘l + P[—\/ c/a <X;< C/CL]

+/ P[XQ < o _ Or Xy > $27+‘$1]f){1($1>dl’1, (AZ)

c/a

SMATLAB programs implementing all of the exact distributions, moments, and simu-
lation algorithms in this paper are available from the authors.
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and for ¢ <0,

PlY <] = / P[Xy < xy_ or Xo > xg 1 |21] fx, (21)d2y. (A.3)

o

Differentiating, the density for ¢ > 0 is

\Vela
r(0) 2\/_/ Fxopx: (2,4 |21) +szle(xQ—’I1>fX1<x1)dml

Var? —c
/ Fxalx: (T4 |71) + Fxopx (22, |21)
2\/_ Var? —c

le (ZL‘l)dl'l, (A4)

and for ¢ < 0,

f(c) = 2\1/_ /OO Sxaix: (@24 ]71) + fX2|X1(I2,—’l’1)le(m)dﬁ. (A.5)

Var? —c
Note that fy(0) = oo: the integrand behaves like |z1|~! near x; = 0 when
¢ = 0, so the density of Y is unbounded at the origin. More precisely, as
c— 0,
fX2\X1(0‘O) fX1<O) 1

T In 7+ 0(1), (A.6)

so the divergence is logarithmic and symmetric in ¢. This is the source of the

fr(c) =

density spike of 7 at zero noted in Section 2.3.

Appendix B. Quadratic forms in an inverse Wishart matrix

Let y and z be m x 1 vectors and V' ~ W,,(n, I,,), independent of y and z.

The following representation permits fast simulation of (y/V ="'y, 'V =1z, 2’V ~12)
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without generating V' itself. Assume m > 2 (the case m = 1 is trivial since
V ~x2). Let A=y, 2V 'y, 2] and A = [y, 2|'[y, 2]. From Theorem
3.2.11 of Muirhead (1982), A™! ~ Wy(n —m +2,A™"), so with LL' = A a
Cholesky factorization, W = L'A~'L ~ Wa(n —m+ 2, 1), independent of y

and z, and A = LWL/, Writing §j = 2'y/(#'2)2, v = 'y — §2, ¢ = 'z, s0

that
s g
Lo |V (B.1)
0 Va
and using the Bartlett decomposition
w wx
W = v ) (B.2)

Vwzr  u+ z?

with w ~ X2 _, 10, U~ X2_,.41,  ~ N(0,1), independent of each other, one

obtains

(B.3)

o
| —|
<
|
—~
g e
N——
[SI
&
—_
2

Moreover, if y ~ N(py, ), then conditional on z, § ~ N(z’uy/(z’z)%, 1)
and v ~ xZ_ (up, —(Zpy)?/(2'2)). Setting f = v/w and T = (§ —
V/fz)/\/1+ f, which is distributed as N (z’ 1,/ (1 + fg, 1), useful byprod-
ucts are

(V7Y ¢

lv—l _ —
z < 1+y’V‘1y :(N,’Q—{—u’

(B.4)
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1

1y —1 ~
VY —( 4 z . (B5)

2
1+yV-ly o\ u) \/(1 + )22+ u)
Appendix C. Derivation of the simulation algorithm, and moment

recursions for overlapping models

Derivation of the simulation algorithm for non-overlapping models

The key to the analysis is a sequential conditioning argument. Partition
2 = [2,, 21,) with z1, the first k elements, and note that 2y, is independent
of zy. Write 2z = Czs with C' = (I,, — D?)2, partition z3 = [z}, 24,
and fio = [fib,, fiy,]" with z3, and fig, the first k elements, and let Dy =
Diag(dy, ..., dy) and Cy, = (I, — D?)z denote the principal k X k submatrices

of D and C'. Conditionally on z,,
250~ N (c,;l (\/ﬂzga + Di(210 — E[zla])) ,Ik> , (C.1)

independently of z3, ~ N(\/T[L%,Inrk), since the last ny — k canonical

correlations are zero. For the Wishart part, write W = LW, L' with

[nl On1 Xng

D C

L= ) WO ~ Wn1+n2(T - 17 In1+n2)> (CQ)

and use the Bartlett decomposition



where U ~ W, (T — 1,1,,,), V ~ Wy, (T —ny — 1, 1,,,), and X is an ny X ng
matrix of independent standard normals, all mutually independent. Then

Wi, = U and, setting Y = U:DC~! + X, we have, conditionally on U,

i CULC Oy
U=C Wl =YYV ~ Wy, [ T =1, 1L, " b (na=k)

Otna—k)xk  O(na—k)x (na—k)

(C.4)
a noncentral Wishart matrix (Anderson, 1946; James, 1955), where Uy, is the
upper-left k& x k block of U and C' = C,.' Dy, = Diag(d;/\/1 — d2);<x. Since
0% = 24U 123, the pair (6%,0%) can be generated by first drawing (z1, U) to
form 0% = z,U "2 and then, conditionally, drawing (z3, ) to form 6%. The
idea of exploiting low-dimensional canonical representations of noncentral
Wishart matrices for simulation purposes goes back to Gleser (1976).
Further dimension reduction is possible. Partition U conformably with
21 = [214, 21), SO that the “a” blocks refer to the first k canonical coordinates—
the only ones correlated with Model B—and the “b” blocks (z1, and the blocks
Ujz and Usg of U) to the remaining ny — k coordinates, along which the two
factor sets are uncorrelated. The problem is invariant to rotations of the
b coordinates, so 0% = 2/U 'z can depend on the b blocks only through
rotation-invariant scalars, and these collapse into a univariate chi-squared
ratio. Specifically, the partitioned inverse of U gives /U 'z = 2}, U 214 +
W' S~ h, where h = 2y, — UpUi' 214 and S = Usy — Un U Uy ~ Wi, (T —

1 — k,I,,_x) is the Schur complement, independent of the rest. Writing
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Uy = Z’UI%1 for the Bartlett normal block Z, we have h = —(1+ziaUﬁlzla)%q
with ¢ = (1 + ziaUﬁlzla)_%(Z’Ui%zm — z1p) conditionally normal with iden-
tity covariance, and the quadratic form ¢’S~'q reduces, by the rotational
invariance just noted, to a ratio of a noncentral chi-squared variable (n; — k
degrees of freedom) to an independent central one (I'—1—k—(ny —k)+1 =
T — n; degrees of freedom). One obtains the representation (93) of 6% in
step 1 of the algorithm of Section 4.2.1, where, conditionally on 2} ,U;; 214,
v ~ X2 _p(wi/(1+ 21U 214)) with wy = T(0% — f@i,fua), and vs ~ X3, ,
independent of each other; here fi1, denotes the first k elements of fi;. (When

ny = k the second term is absent.) An identical argument applied to U yields

02 = 2, Uit esa + (1 + 2, Ui 23a) —, (C.5)
Uz
with Uy ~ Whe(T -1, I, C~’U116~’) conditionally on Uy, uy ~ X%Q—k <w2/(1 + zéaUﬁl,Zg,a))

with wy = T(0% — fibgfiza), and us ~ Xx7_,,, and, conditionally on z,,
Z3a " N (ﬁclglﬁZa + CN’(Zla - \/T,&la>7 Ik) ) (CG)

which restates the conditional distribution of z3, above using C = Cy 'Dy.
Rather than sampling the noncentral Wishart matrix Uy, conditionally on

Uy, the pair (Ui, Un) can be generated jointly from a single central Wishart

draw. Since Uy, and C,U;,C} are the diagonal k£ x k blocks of the principal

submatrix of W corresponding to the first k coordinates of each of the two
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blocks, we have

- I, D
(Uh1, Uny) o (Bn, 01;132201;1) ; B~Wsy, | T -1, ;

Dy I

(C.7)
where By, and By, are the diagonal k£ x k blocks of B, which is generated
in one step by the Bartlett decomposition. This joint construction underlies
the Rao—Blackwellized estimates and the moment derivations, which use the

representation (C.5) rather than steps 3-8 of the algorithm.
For the cross term, let y; = Y’U’%zl/éA, which conditional on (U, z1)
is N(E[y1|z1, U], I,) with E[y1]z1, U] = [(Cz1a/04)', 0

no—k

0 - ylyll ~ Wﬂz (T - 27 [n27 Dlag<é(U11 - Zlazia/éi)é7 O(HZ—k)X(7L2—k)))‘ By

I, and let V =

the Sherman—Morrison identity,

(V)2 b Oa1)V "z

éQ = Z,v_123 - = s AB — = .
b L+yViy L+yVly

(C.8)
which is the final step of the algorithm with by = ¢,V "ty by = ¢,V "'23,
bog = zgff_lzg. Step 3 of the algorithm draws the first k£ elements 3, of y; and
generates ‘711 with the correct conditional distribution Wy,(T —2, I, C’UHC’ —
Cz1a7,,C/02%) given (Uyy, z10,60%): the closed-form square root (94) of the
rank-one downdate avoids both a noncentral Wishart sampler and a matrix
square root per replication, at O(k?) cost. When ny, > k, the extension
of the three quadratic forms from Vi; to V in steps 6-7 follows from the

representation of 2 x 2 quadratic forms in inverse Wishart matrices given in

78



Appendix B.

For the overlapping case, the identical steps apply conditionally on 9(2)
with the degrees-of-freedom substitutions of Section 4.3 (T'—2 +— T —ngy — 2,
T—k—2—T—-ny—k—2,T—ns—1—T—ng—ns—1, T—ny — T —ng—ny),
with E[G,] scaled by (1462)~/2, and with the outputs mapped into levels via
Oup = 02+ (1+602)610,V 2 /(1 +1y,V—lyy) and 0% = 24 (14-62)[24V Lz5—

(5V"1y0)%/ (1 + V=l

Moment recursions for overlapping models

Conditional on z = 1 4 62, the quantities entering (117) satisfy

B[54 22 a] = VTl B2 252 7] + kv B[22 a] + ks ReB[213 252 2],
(C.9)
with E[20,29 |2] = 1, E[Z14|2] = VT jire, and E|[Zs4|2] = VT fiza, and

Blwy|z] = [T(0] — fil,) + (4k + 1 — 5)z] B[t~ o] — 2(k — 1)(2k +ny — 5)a” Elwy ],
(C.10)

with E[@?|z] = 1 and E[w|x] = (ny —1)x+T(6? — ii3,) (and analogously for
ws). Each conditional moment is a polynomial in = whose coefficients can be

read off the recursions, and the unconditional moments follow from
E[z'] = E[(1 + 62)1, (C.11)

A~ T92
computed from the moments of 62 ~ G 0T o
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