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Abstract

Following Barillas and Shanken (2017), traded factor asset pricing models
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biased, its exact density can be unbounded at zero, and the usual t-ratio
is not asymptotically standard normal for nested models or when the two
models are close in explanatory power. Under multivariate normality, we
derive the exact �nite-sample joint distribution of the two sample squared
Sharpe ratios for nested, non-overlapping, and overlapping models. We ob-
tain explicit expressions for the exact moments in terms of hypergeometric
functions and develop stochastic representations that permit extremely fast
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ables. A Pearson curve approximation based on the �rst four exact moments
is shown to be nearly indistinguishable from the exact distribution.
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1. Introduction

The Sharpe ratio remains the most widely used measure of investment

performance, and di�erences of Sharpe ratios�or of squared Sharpe ratios�

are the natural metric for comparing two investments or two asset pricing

models. Barillas and Shanken (2017) show that when traded factor mod-

els are compared on their ability to price returns, the ranking is completely

determined by the squared Sharpe ratios of the tangency portfolios of the

models' factors: test assets are irrelevant for model comparison. Their in-

sight has generated a rapidly growing literature in which models are ranked

by sample squared Sharpe ratios, with statistical signi�cance assessed using

the asymptotic distribution of the di�erence of two sample squared Sharpe

ratios derived by Barillas et al. (2020). Fama and French (2018) use the

maximum squared Sharpe ratio to choose among variants of their three- and

�ve-factor models (Fama and French, 1993, 2015); Hou et al. (2019) use it

to compare the q-factor model of Hou et al. (2015) with a large array of

competing models, including the mispricing-factor model of Stambaugh and

Yuan (2017); and Daniel et al. (2020) use it to benchmark their behavioral-

factor model. Related approaches to model comparison and factor selection

include Feng et al. (2020), Kozak et al. (2020), Lettau and Pelger (2020),

and Bryzgalova et al. (2023). The metric has also been pushed beyond the

frictionless equity setting: Detzel et al. (2023) compare models on maximum

squared Sharpe ratios computed net of transaction costs, Li et al. (2024)
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allow for price-impact costs, Kan et al. (2024) contrast in-sample and out-

of-sample Sharpe ratios to account for estimation risk, and Dickerson et al.

(2023) apply the methodology to corporate bond factor models.

For individual assets, the �nite-sample properties of the sample Sharpe

ratio and the problem of testing the equality of two Sharpe ratios have a long

history. Miller and Gehr (1978) derive the exact bias of the sample Sharpe

ratio under normality, and Lo (2002), Bao and Ullah (2006), and Opdyke

(2007) study its sampling distribution under progressively more general con-

ditions. Tests of the equality of two Sharpe ratios go back at least to Jobson

and Korkie (1981) (see also Cadsby, 1986), with subsequent re�nements by

Memmel (2003) and Ledoit and Wolf (2008), and extensions to the equal-

ity of multiple Sharpe ratios by Leung and Wong (2008) and Wright et al.

(2014). A related literature studies the sample squared Sharpe ratio of the ex

post tangency portfolio�the key building block of model comparison�and

documents its substantial upward bias and nonstandard sampling behavior;

see Maller and Turkington (2002), Maller et al. (2005), Maller et al. (2010),

and Maller et al. (2016). Closest to our nested-model analysis, Hanke and

Penev (2018) compare large-sample maximum Sharpe ratios of nested sets of

assets. In both the two-asset and the model-comparison literatures, inference

is conducted using a t-ratio that is asymptotically standard normal under the

null hypothesis, provided certain regularity conditions hold.

This paper documents that the regularity conditions behind the asymp-

totic normal approximation are fragile precisely where they are needed most,
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and provides an exact �nite-sample distribution theory that can be used in

place of the asymptotic approximation. Our contributions are as follows.

First, we characterize when and how the asymptotic normality of the

di�erence of sample squared Sharpe ratios of two models A and B, τ̂ =

θ̂2A − θ̂2B, breaks down. The asymptotic variance of
√
T (τ̂ − τ) is zero when

the two models under comparison are equally good and, in addition, their

tangency portfolios are perfectly correlated. This degeneracy always occurs

under the null for nested models; it occurs for non-overlapping models when

θA = θB = 0, and for overlapping models when neither model improves on

the factors they share. In these cases T τ̂ , suitably normalized, converges to

a weighted sum of independent χ2
1 random variables, and we provide explicit

expressions for the weights in terms of the canonical correlations between

the unique factors of the two models (Proposition 2). We also derive the

limiting distribution of the t-ratio of τ̂ in the degenerate cases and show that

it is far from standard normal: for nested models it is a transformation of

the Gibbons, Ross, and Shanken (1989) statistic that is always positive, and

for non-overlapping and overlapping models it is a ratio of quadratic forms

in normal random variables. An interesting special case arises when two

individual assets with zero Sharpe ratios are compared: the t-ratio is then

asymptotically normal with variance 1/4 rather than 1.

Second, under the assumption that returns are i.i.d. multivariate nor-

mal, we derive the exact �nite-sample joint distribution of (θ̂2A, θ̂
2
B, θ̂AB), and

hence the exact distribution of τ̂ and of its t-ratio, for all three types of
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model comparison: nested, non-overlapping, and overlapping models. Here

θ̂AB = ρ̂θ̂Aθ̂B, where ρ̂ is the sample correlation between the sample tan-

gency portfolios of models A and B. This cross term governs the dependence

between the two sample squared Sharpe ratios, and with it the sampling

variance of τ̂ and the denominator of its t-ratio, which is why the joint

distribution of all three quantities is required. For nested models the ex-

act distribution follows from a conditional application of the Gibbons et al.

(1989) F -statistic. For non-overlapping and overlapping models, we develop

a canonical stochastic representation of (θ̂2A, θ̂
2
B, θ̂AB), based on a singular

value decomposition of the correlation matrix of the (residual) factors of the

two models, and reduce it to a single simulation algorithm that generates

the triple�and with it τ̂ and its t-ratio�from univariate normal and chi-

squared random variables and one k-dimensional Wishart draw, regardless

of the number of factors in the two models, where k is the rank of the (resid-

ual) covariance between their unique factors. The representation also shows

that the exact joint distribution depends on the mean and covariance param-

eters only through a small number of scalars: at most 3k + 2 parameters for

non-overlapping models and 3k + 3 for overlapping models.

Third, we derive explicit expressions for the exact joint moments of

(θ̂2A, θ̂
2
B) in terms of Gaussian hypergeometric functions, building on moment

results for quadratic forms in noncentral normal vectors (Hillier et al., 2014)

and on the classical bivariate chi-squared moment formula of Krishnaiah et

al. (1963). The exact moments deliver the �nite-sample bias and variance of
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τ̂ in closed form, and they make it possible to approximate the exact distri-

bution of τ̂ by a Pearson curve that matches the �rst four moments (Pearson,

1895; Solomon and Stephens, 1978). In our numerical experiments the Pear-

son approximation is nearly indistinguishable from the exact distribution,

whereas the asymptotic normal approximation�even after bias and variance

corrections�can be grossly inaccurate for sample sizes as large as T = 600.

Fourth, we show that the exact density of τ̂ is unbounded at zero when

each model contributes a single unique factor�in both the non-overlapping

and overlapping cases�a feature that no normal approximation can capture,

and we document that the t-ratio of τ̂ has a markedly skewed �nite-sample

distribution with a nonzero mean induced by the bias of τ̂ . Bias-adjusting τ̂

alone does not restore the accuracy of the standard normal approximation.

The practical message of the paper is simple. Whenever the models under

comparison have similar explanatory power�which is exactly the situation of

empirical interest�the asymptotic normal distribution of τ̂ and of its t-ratio

should not be trusted at conventional sample sizes. The exact distributions

derived here can be computed or simulated rapidly and provide reliable �nite-

sample inference under normality; the exact moments also provide highly

accurate Pearson approximations.

The rest of the paper is organized as follows. Section 2 presents the two-

asset case, which allows us to introduce the main ideas with a minimum

of notation. Section 3 describes the general model comparison framework

and develops the asymptotic theory, including the degenerate cases. Sec-
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tion 4 derives the exact �nite-sample distributions and moments for nested,

non-overlapping, and overlapping models. Section 5 develops implementable

�nite-sample tests of model comparison, compares their size and power with

those of the asymptotic t-test, and applies the tests to the comparison of

corporate bond factor models. Section 6 concludes. Technical results used

in the derivations are collected in the appendices.

2. Comparing the Sharpe ratios of two assets

To �x ideas, we begin with the simplest version of the problem: the

comparison of the Sharpe ratios of two individual assets. Suppose rt =

[r1t, r2t]
′ is the excess return of two assets at time t with

µ = E[rt] =

⎡⎢⎣ µ1

µ2

⎤⎥⎦ , (1)

Σ = Var[rt] =

⎡⎢⎣ σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

⎤⎥⎦ . (2)

The sample estimators of µ and Σ are

µ̂ =

⎡⎢⎣ µ̂1

µ̂2

⎤⎥⎦ =
1

T

T∑︂
t=1

rt, (3)

Σ̂ =

⎡⎢⎣ σ̂2
1 ρ̂σ̂1σ̂2

ρ̂σ̂1σ̂2 σ̂2
2

⎤⎥⎦ =
1

T

T∑︂
t=1

(rt − µ̂)(rt − µ̂)′, (4)
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where σ̂2
1, σ̂

2
2, and ρ̂ denote the sample variances and the sample correlation of

the two returns. Let θi = µi/σi be the Sharpe ratio of asset i and θ̂i = µ̂i/σ̂i

its sample counterpart, i = 1, 2. We are interested in the joint distribution

of (θ̂1, θ̂2) and in the distributions of

δ̂ = θ̂1 − θ̂2, τ̂ = θ̂21 − θ̂22, (5)

the sample counterparts of δ = θ1 − θ2 and τ = θ21 − θ22. The di�erence δ̂

is the statistic studied by Jobson and Korkie (1981) and Memmel (2003),

while τ̂ is the two-asset special case of the squared Sharpe ratio comparison

of Section 3.

2.1. Asymptotic analysis

Assume �rst only that rt is stationary with �nite fourth moments. Since

ψ̂ = [µ̂1, µ̂2, σ̂
2
1, σ̂

2
2]

′ is the GMM estimator of ψ = [µ1, µ2, σ
2
1, σ

2
2]

′ based on

the moment conditions

E[gt(ψ)] = E

⎡⎢⎢⎢⎢⎢⎢⎢⎣

r1t − µ1

r2t − µ2

(r1t − µ1)
2 − σ2

1

(r2t − µ2)
2 − σ2

2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 04, (6)

we have
√
T (ψ̂ − ψ)

d→ N

(︄
04,

∞∑︂
j=−∞

E[gt(ψ)gt+j(ψ)
′]

)︄
. (7)
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The delta method then yields

√
T

⎡⎢⎣ θ̂1 − θ1

θ̂2 − θ2

⎤⎥⎦ d→ N

(︄
02,

∞∑︂
j=−∞

E[ht(ψ)ht+j(ψ)
′]

)︄
, (8)

where

ht(ψ) =

⎡⎢⎣ h1t

h2t

⎤⎥⎦ =

⎡⎢⎣ r1t−µ1

σ1
− θ1[(r1t−µ1)2−σ2

1 ]

2σ2
1

r2t−µ2

σ2
− θ2[(r2t−µ2)2−σ2

2 ]

2σ2
2

⎤⎥⎦ . (9)

Let γi,1 and γi,2 be the coe�cients of skewness and excess kurtosis of the

return on asset i. When ht is uncorrelated over time,

E[h21t] = 1− γ1,1θ1 +
γ1,2 + 2

4
θ21, (10)

E[h22t] = 1− γ2,1θ2 +
γ2,2 + 2

4
θ22, (11)

E[h1th2t] = ρ− θ1θ2
4

− θ1E[(r1t − µ1)
2(r2t − µ2)]

2σ2
1σ2

− θ2E[(r2t − µ2)
2(r1t − µ1)]

2σ2
2σ1

+
θ1θ2E[(r1t − µ1)

2(r2t − µ2)
2]

4σ2
1σ

2
2

. (12)

When rt is i.i.d. bivariate normal, these expressions simplify, and we obtain

√
T

⎡⎢⎣ θ̂1 − θ1

θ̂2 − θ2

⎤⎥⎦ d→ N

⎛⎜⎝02,

⎡⎢⎣ 1 +
θ21
2

ρ+ ρ2θ1θ2
2

ρ+ ρ2θ1θ2
2

1 +
θ22
2

⎤⎥⎦
⎞⎟⎠ , (13)

so that
√
T (δ̂ − δ)

d→ N

(︃
0, 2(1− ρ) +

θ21 + θ22 − 2ρ2θ1θ2
2

)︃
, (14)
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which is the asymptotic distribution used by Jobson and Korkie (1981) and

Memmel (2003). When θ1 = θ2 = θ, the asymptotic variance reduces to

2(1 − ρ) + (1 − ρ2)θ2. Importantly, (θ̂1, θ̂2) is asymptotically normal for

all parameter values, and the asymptotic variance of δ̂ is strictly positive

whenever ρ < 1, so in the interior of the parameter space δ̂ presents no

asymptotic irregularities.1

The situation is di�erent for τ̂ . The delta method gives, for (θ̂21, θ̂
2
2), the

in�uence functions

qt(ψ) =

⎡⎢⎣ q1t

q2t

⎤⎥⎦ =

⎡⎢⎣ 2θ1(r1t−µ1)
σ1

− θ21 [(r1t−µ1)2−σ2
1 ]

σ2
1

2θ2(r2t−µ2)
σ2

− θ22 [(r2t−µ2)2−σ2
2 ]

σ2
2

⎤⎥⎦ , (15)

and qit = 0 when θi = 0. Thus, unlike (θ̂1, θ̂2), the asymptotic normality of

(θ̂21, θ̂
2
2) requires θ

2
1 > 0 and θ22 > 0. When θ2i = 0 we have instead T θ̂2i

d→ χ2
1.

Under i.i.d. bivariate normality and θ21 > 0, θ22 > 0,

√
T

⎡⎢⎣ θ̂21 − θ21

θ̂22 − θ22

⎤⎥⎦ d→ N

⎛⎜⎝02,

⎡⎢⎣ 2θ21(2 + θ21) 2ρθ1θ2(2 + ρθ1θ2)

2ρθ1θ2(2 + ρθ1θ2) 2θ22(2 + θ22)

⎤⎥⎦
⎞⎟⎠ ,

(16)

1Even the boundary case ρ → 1 with θ1 = θ2, where the asymptotic variance vanishes,
is benign: the variance factors as 2(1− ρ) + (1− ρ2)θ2 = (1− ρ)[2 + (1 + ρ)θ2], so δ̂ and

its standard error shrink together, at the common rate (1 − ρ)
1
2 , and the standardized

statistic remains well approximated by the standard normal even for ρ very close to one.
(At ρ = 1 exactly, δ̂ ≡ 0 and the comparison is vacuous.)
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and therefore

√
T (τ̂ − τ)

d→ N
(︁
0, 4(θ21 + θ22 − 2ρθ1θ2) + 2(θ41 + θ42 − 2ρ2θ21θ

2
2)
)︁
. (17)

When θ21 = θ22 = θ2 > 0, the asymptotic variance is 8(1− ρ)θ2 + 4(1− ρ2)θ4,

which vanishes as θ → 0 or as ρ → 1. When θ1 = θ2 = 0, the limit is not

normal: using (13) with θ1 = θ2 = 0,

T τ̂
d→
√︁

1− ρ2 (X1 −X2), (18)

where X1 and X2 are independent χ2
1 random variables. To see this, note

that by (13) and the continuous mapping theorem, T τ̂
d→ z21 − z22 , where

(z1, z2) are standard bivariate normal with correlation ρ. De�ne

w1 =
1

2

(︃
z1 + z2√
1 + ρ

+
z1 − z2√
1− ρ

)︃
, w2 =

1

2

(︃
z1 + z2√
1 + ρ

− z1 − z2√
1− ρ

)︃
. (19)

A direct calculation shows that w1 and w2 have unit variances and zero

covariance, so they are independent standard normals, and

w2
1 − w2

2 = (w1 + w2)(w1 − w2) =
z1 + z2√
1 + ρ

· z1 − z2√
1− ρ

=
z21 − z22√︁
1− ρ2

. (20)

Setting Xi = w2
i delivers (18), which is a special case of Proposition 2 below.
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2.2. Exact joint distribution and moments of (θ̂1, θ̂2)

Assume now that rt is i.i.d. bivariate normal. Let z1 =
√
T µ̂1/σ1 and

z2 =
√
T µ̂2/σ2, so that

z =

⎡⎢⎣ z1

z2

⎤⎥⎦ ∼ N

⎛⎜⎝
⎡⎢⎣ √

Tθ1
√
Tθ2

⎤⎥⎦ ,
⎡⎢⎣ 1 ρ

ρ 1

⎤⎥⎦
⎞⎟⎠ , (21)

and let

W =

⎡⎢⎣ w11 w12

w21 w22

⎤⎥⎦ = T

⎡⎢⎣ 1
σ1

0

0 1
σ2

⎤⎥⎦ Σ̂

⎡⎢⎣ 1
σ1

0

0 1
σ2

⎤⎥⎦ ∼ W2

⎛⎜⎝T − 1,

⎡⎢⎣ 1 ρ

ρ 1

⎤⎥⎦
⎞⎟⎠ ,

(22)

with W independent of z, and W follows a Wishart distribution with T − 1

degrees of freedom and a covariance matrix with unit variance and a corre-

lation of ρ. Then

θ̂1 =
z1√
w11

, θ̂2 =
z2√
w22

, (23)

so the joint distribution of (θ̂1, θ̂2) is completely determined by (θ1, θ2, ρ) and

T .

Two conditioning representations make this joint distribution tractable.

First, writing z2 =
√︁
1− ρ2 z3 with

z3 ∼ N

(︄√
Tθ2 + ρ(z1 −

√
Tθ1)√︁

1− ρ2
, 1

)︄
(24)

conditionally on z1. Second, using the Bartlett decomposition of the Wishart
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matrix (see, e.g., Muirhead, 1982), we have w11 = u1 ∼ χ2
T−1 and, condition-

ally on u1,

w22 = (1− ρ2)u3, u3 ∼ χ2
T−1

(︃
ρ2u1
1− ρ2

)︃
, (25)

a noncentral chi-squared random variable. Thus θ̂1 = z1/
√
u1 and θ̂2 =

z3/
√
u3, and the exact joint density of (θ̂1, θ̂2) is

f(θ̂1, θ̂2) =

∫︂ ∞

0

∫︂ ∞

0

fz1,z3(w1θ̂1, w3θ̂2)fw1,w3(w1, w3)w1w3dw1dw3, (26)

where w1 =
√
u1, w3 =

√
u3,

fz1,z3(z1, z3) =
1

2π
exp

(︃
−ζ

2
1 + ζ22 − 2ρζ1ζ2

2(1− ρ2)

)︃
, (27)

fw1,w3(w1, w3) =
2

Γ
(︁
T−1
2

)︁2 (︂w1w3

2

)︂T−2

exp

(︃
−w

2
1 + (1− ρ2)w2

3

2(1− ρ2)

)︃
× 0F1

(︃
T − 1

2
;
ρ2w2

1w
2
3

4(1− ρ2)

)︃
, (28)

with ζ1 = z1 −
√
Tθ1 and ζ2 =

√︁
1− ρ2 z3 −

√
Tθ2, and where pFq denotes

the generalized hypergeometric function.

The representation also delivers the exact joint moments. For max[i, j] <

T − 1,

E[θ̂i1θ̂
j
2] = E[zi1z

j
2]E[w

− i
2

11 w
− j

2
22 ], (29)

where the normal product moments νij = E[zi1z
j
2] satisfy the recursion

νi+1,j =
√
Tθ1νi,j + iνi−1,j + jρνi,j−1, (30)
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with ν0,0 = 1, ν1,0 =
√
Tθ1, and ν0,1 =

√
Tθ2,

2 and

E[w
− i

2
11 w

− j
2

22 ] =
Γ
(︁
T−1−i

2

)︁
Γ
(︁
T−1−j

2

)︁
2

i+j
2 Γ
(︁
T−1
2

)︁2 2F1

(︃
i

2
,
j

2
;
T − 1

2
; ρ2
)︃
. (31)

In a slightly di�erent form, (31) was �rst given by Krishnaiah et al. (1963)

in their study of the bivariate chi distribution. Related results on bivariate

(noncentral) chi-squared and gamma distributions and their product and

ratio moments can be found in Weibull (1953), Jensen (1970), Nadarajah

and Kotz (2006), Joarder (2006, 2009), Nadarajah (2010), Yunus and Khan

(2011), and Khan et al. (2016). For example, using (30) and (31), we obtain

E[θ̂1θ̂2] =
(Tθ1θ2 + ρ)Γ

(︁
T−2
2

)︁2
2Γ
(︁
T−1
2

)︁2 2F1

(︃
1

2
,
1

2
;
T − 1

2
; ρ2
)︃
, (32)

E[θ̂21 θ̂
2
2] =

(1 + Tθ21)(1 + Tθ22) + 4Tρθ1θ2 + 2ρ2

(T − 3)2
2F1

(︃
1, 1;

T − 1

2
; ρ2
)︃
. (33)

The moments of δ̂ and τ̂ then follow from the binomial expansions

E[δ̂k] =
k∑︂

i=0

(︃
k

i

)︃
(−1)k−iE[θ̂i1θ̂

k−i
2 ], (34)

E[τ̂ k] =
k∑︂

i=0

(︃
k

i

)︃
(−1)k−iE[θ̂2i1 θ̂

2(k−i)
2 ]. (35)

Note that E[δ̂k] exists if and only if k < T − 1 and E[τ̂ k] exists if and only

2When only even-order product moments are needed, a faster recursion that bypasses
the odd-order moments can be obtained for this special case using the generating function
approach of Hillier et al. (2014). The recursion is provided in the Online Appendix.
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if 2k < T − 1.

2.3. Exact distributions of δ̂ and τ̂

Conditional on (u1, u3), δ̂ is normally distributed with

E[δ̂|u1, u3] =
√
Tθ1√
u1

−
√
Tθ2√︁

(1− ρ2)u3
, (36)

Var[δ̂|u1, u3] =
1

u1
+

1

(1− ρ2)u3
− 2ρ√︁

(1− ρ2)u1u3
, (37)

so the exact density and cdf of δ̂ are obtained by integrating the conditional

normal density and cdf against the joint density of (u1, u3) implied by (25):

fδ̂(c) =

∫︂ ∞

0

∫︂ ∞

0

fδ̂|u1,u3
(c)f(u1, u3)du3du1, (38)

Fδ̂(c) =

∫︂ ∞

0

∫︂ ∞

0

Fδ̂|u1,u3
(c)f(u1, u3)du3du1. (39)

Similarly,

τ̂ =
z21
u1

− z23
u3
, (40)

and conditional on (u1, u3), τ̂ is a di�erence of two correlated noncentral

chi-squared random variables with one degree of freedom, scaled by 1/u1

and 1/u3. The conditional density and cdf of such a linear combination

are derived in Appendix A, and integration against the density of (u1, u3)

delivers the exact density and cdf of τ̂ . An important qualitative feature
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follows immediately from Appendix A: the exact density of τ̂ satis�es

fτ̂ (0) = ∞, (41)

i.e., the density of τ̂ is unbounded at zero. No normal approximation can

reproduce this feature.

Figure 1 plots the exact density and cdf of δ̂ for θ1 = 0.4, θ2 = 0.25, ρ =

0.5, and T = 60. The exact distribution of δ̂ is quite close to its asymptotic

normal approximation, consistent with the regular asymptotic behavior of

δ̂. Figure 2 presents the corresponding plots for τ̂ when θ1 = θ2 = 0.2,

ρ = 0.5, and T = 60. For this case the exact variance of τ̂ is 0.004307,

whereas the asymptotic variance is 0.002747, and the exact distribution of τ̂

di�ers markedly from the asymptotic normal, with the density spike at zero

clearly visible. Figure 3 shows that the problem persists when θ1 = 0.4 and

θ2 = 0.25: the exact variance (0.01179) remains well above the asymptotic

variance (0.00898), and although the discontinuity at zero is less visually

obvious, the density of τ̂ still diverges as the argument approaches zero.

2.4. The t-ratio of τ̂

The null H0 : τ = 0 is commonly tested with the t-ratio

t(τ̂) =

√
T τ̂[︂

4(θ̂21 + θ̂22 − 2ρ̂θ̂1θ̂2) + 2(θ̂41 + θ̂42 − 2ρ̂2θ̂21 θ̂
2
2)
]︂ 1

2

, (42)
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Figure 1: Exact and asymptotic density (top) and cdf (bottom) of δ̂ = θ̂1− θ̂2 for θ1 = 0.4,
θ2 = 0.25, ρ = 0.5, and T = 60.
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Figure 2: Exact and asymptotic density (top) and cdf (bottom) of τ̂ = θ̂21 − θ̂22 for θ1 =
θ2 = 0.2, ρ = 0.5, and T = 60.
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Figure 3: Exact and asymptotic density (top) and cdf (bottom) of τ̂ = θ̂21− θ̂22 for θ1 = 0.4,
θ2 = 0.25, ρ = 0.5, and T = 60.
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where ρ̂ is the sample correlation of the two returns from (4); the statistic is

asymptotically N(0, 1) under H0 provided θ
2
1 = θ22 > 0. How well does the

standard normal approximation work? Let θ denote the common value of θ1

and θ2 under the null. Since the asymptotic normality of τ̂ requires θ > 0,

the quality of the approximation deteriorates as θ approaches zero. Figure 4

plots the exact density of t(τ̂) for θ = 0, 0.1, 0.2, and 0.3 with ρ = 0.9 and

T = 120 (top panel) and with ρ = 0 (bottom panel).3 The standard normal

is a very poor approximation of the distribution of t(τ̂), especially when θ

is small, and lowering ρ helps only marginally. Figure 5 repeats the exercise

with T = 600, again for ρ = 0.9 (top panel) and ρ = 0 (bottom panel).

For θ = 0 the approximation remains poor no matter how large T is and no

matter the correlation�consistent with Proposition 1 below, whose N(0, 1
4
)

limit does not depend on ρ. For θ > 0 the larger sample size helps, and it

helps more when the correlation is low: at ρ = 0 the densities for θ = 0.2

and 0.3 are close to the standard normal, while θ = 0.1 remains visibly too

concentrated, whereas at ρ = 0.9 a substantial gap persists even at θ = 0.2.

The failure of the standard normal approximation at θ = 0 has a clean

analytical characterization.

Proposition 1. Suppose rt is i.i.d. bivariate normal with θ1 = θ2 = 0. Then

t(τ̂)
d→ z21 − z22

2(z21 + z22 − 2ρz1z2)
1
2

∼ N

(︃
0,

1

4

)︃
, (43)

where (z1, z2) are standard bivariate normal with correlation ρ.

3The details of the computation of the exact density of t(τ̂) are available upon request.
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Figure 4: Exact density of t(τ̂) for two assets with common Sharpe ratio θ = 0, 0.1, 0.2,
0.3 and T = 120, for ρ = 0.9 (top) and ρ = 0 (bottom), together with the standard normal
density.
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Figure 5: Exact density of t(τ̂) for two assets with common Sharpe ratio θ = 0, 0.1, 0.2,
0.3 and T = 600, for ρ = 0.9 (top) and ρ = 0 (bottom), together with the standard normal
density.
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Proof. Let w1 and w2 be the independent standard normal random vari-
ables de�ned in (19). In addition to z21 − z22 =

√︁
1− ρ2 (w2

1 − w2
2), a direct

calculation gives z21 + z22 − 2ρz1z2 = (1− ρ2)(w2
1 + w2

2), so

t(τ̂)
d→ w2

1 − w2
2

2(w2
1 + w2

2)
1
2

. (44)

Consider the polar transformation w1 = r cos(ϕ), w2 = r sin(ϕ) with r =√︁
w2

1 + w2
2. The joint density of (r, ϕ) is f(r, ϕ) = r

2π
e−

r2

2 on {r > 0, 0 <
ϕ < 2π}, so r and ϕ are independent and

w2
1 − w2

2

2
√︁
w2

1 + w2
2

=
r cos(2ϕ)

2
. (45)

Since ϕ is uniform on (0, 2π), cos(2ϕ) has the same distribution as cos(ϕ),

whence r cos(2ϕ)
d
= r cos(ϕ) ∼ N(0, 1).

Thus, when both assets have zero Sharpe ratios, the t-ratio of τ̂ is still

asymptotically normal, but with variance 1/4 rather than 1: a nominal 5%

two-sided test based on the standard normal critical values has an asymptotic

size of essentially zero, and the test has no power against local alternatives

in this region of the parameter space. Remarkably, the limit does not depend

on ρ.

3. Model comparison with squared Sharpe ratios

3.1. Setup

Let rt = [r′0t, r
′
1t, r

′
2t]

′ be the excess returns on n0+n1+n2 traded factors

at time t, where r0t is n0 × 1, r1t is n1 × 1, and r2t is n2 × 1, with mean and
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covariance matrix

µ =

⎡⎢⎢⎢⎢⎣
µ0

µ1

µ2

⎤⎥⎥⎥⎥⎦ , Σ =

⎡⎢⎢⎢⎢⎣
Σ00 Σ01 Σ02

Σ10 Σ11 Σ12

Σ20 Σ21 Σ22

⎤⎥⎥⎥⎥⎦ , (46)

where Σ is positive de�nite. We compare two models: Model A has factors

rAt = [r′0t, r
′
1t]

′ and Model B has factors rBt = [r′0t, r
′
2t]

′, so n0 is the number

of common factors and n1 and n2 are the numbers of unique factors in Models

A and B, respectively. Without loss of generality we assume n1 ≥ n2. Three

cases are distinguished: (1) nested models, n2 = 0, so Model B is nested in

Model A; (2) non-overlapping models, n0 = 0, so the two models share no

common factor; and (3) overlapping models, n0 > 0 and n2 > 0.

Let

µA =

⎡⎢⎣ µ0

µ1

⎤⎥⎦ , µB =

⎡⎢⎣ µ0

µ2

⎤⎥⎦ , ΣAA =

⎡⎢⎣ Σ00 Σ01

Σ10 Σ11

⎤⎥⎦ , ΣBB =

⎡⎢⎣ Σ00 Σ02

Σ20 Σ22

⎤⎥⎦ .
(47)

The squared Sharpe ratios of the tangency portfolios of the two models are

θ2A = µ′
AΣ

−1
AAµA, θ2B = µ′

BΣ
−1
BBµB. (48)

Barillas and Shanken (2017) show that Models A and B can be compared

simply by comparing θ2A with θ2B, without reference to test assets. Let τ =
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θ2A − θ2B and let

τ̂ = θ̂2A − θ̂2B (49)

be its sample counterpart, where θ̂2A = µ̂′
AΣ̂

−1
AAµ̂A and θ̂2B = µ̂′

BΣ̂
−1
BBµ̂B, with

µ̂ and Σ̂ the usual sample mean vector and sample covariance matrix based

on T observations. We are interested in the asymptotic and �nite-sample

distributions of τ̂ .

3.2. Asymptotic distribution

Under general distributional assumptions, Barillas et al. (2020) derive

√
T (τ̂ − τ)

d→ N

(︄
0,

∞∑︂
j=−∞

E[dtdt+j]

)︄
, (50)

where

dt = 2uAt − u2At − 2uBt + u2Bt + τ, (51)

with uAt = µ′
AΣ

−1
AA(rAt − µA) and uBt = µ′

BΣ
−1
BB(rBt − µB). When rt is

i.i.d. multivariate normal, E[dtdt+j] = 0 for j ̸= 0 and

E[d2t ] = 2θ2A(2 + θ2A) + 2θ2B(2 + θ2B)− 4ρθAθB(2 + ρθAθB), (52)

where

ρ = Corr[uAt, uBt] =
µ′
AΣ

−1
AAΣABΣ

−1
BBµB

θAθB
(53)

is the correlation between the returns on the tangency portfolios of rAt and

rBt, and ΣAB = Cov[rAt, r
′
Bt]. The �rst two terms in (52) are the asymp-
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totic variances of θ̂2A and θ̂2B, and the last term is −2 times their asymptotic

covariance. Notably, the asymptotic variance does not depend on n0, n1,

and n2: the estimation errors in the tangency portfolio weights play no role

asymptotically. In contrast, we show below that n0, n1, and n2 matter a

great deal in �nite samples.

The validity of (50) as a normal approximation requires E[d2t ] > 0, and

there are empirically relevant cases in which E[d2t ] = 0:

� Nested models. When Model B is nested in Model A, E[uAtuBt] = θ2B,

so E[d2t ] = 2(2 + θ2A + θ2B)τ , which is zero under the null τ = 0. Thus

for nested models the asymptotic normal distribution always fails under

the null of interest.

� Non-overlapping models. E[d2t ] = 0 when θ2A = θ2B = 0.

� Overlapping models. E[d2t ] = 0 when θ2A = θ2B = θ20, where θ
2
0 =

µ′
0Σ

−1
00 µ0 is the squared Sharpe ratio of the tangency portfolio of the

common factors, i.e., when the unique factors of both models are re-

dundant.

A necessary condition for E[d2t ] = 0 is τ = 0, but τ = 0 is not su�cient in

the non-overlapping and overlapping cases. The following proposition, which

was not provided by Barillas et al. (2020), gives the limiting distribution of

T τ̂ in the degenerate cases.
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Proposition 2. Suppose rt is i.i.d. multivariate normal and E[d2t ] = 0 (i.e.,
θ2A = θ2B = θ20, with θ

2
0 ≡ 0 when n0 = 0). Then

T τ̂
d→ (1 + θ20)

n1+n2∑︂
i=1

λiXi, (54)

where the Xi's are independent χ
2
1 random variables and the weights λi consist

of n1 − n2 ones and n2 pairs ±√
ωi, where the ωi's are the eigenvalues of

In2 − Ω
− 1

2
22 Ω21Ω

−1
11 Ω12Ω

− 1
2

22 and

Ω =

[︃
Ω11 Ω12

Ω21 Ω22

]︃
=

[︃
Σ11 − Σ10Σ

−1
00 Σ01 Σ12 − Σ10Σ

−1
00 Σ02

Σ21 − Σ20Σ
−1
00 Σ01 Σ22 − Σ20Σ

−1
00 Σ02

]︃
(55)

is the covariance matrix of the residuals from regressing [r′1t, r
′
2t]

′ on r0t and
a constant.

Proof. Let α = [α′
1, α

′
2]

′ collect the intercepts from regressing r1t and r2t
on r0t and a constant, and let α̂ = [α̂′

1, α̂
′
2]

′ be the sample estimate. When
θ2A = θ2B = θ20 we have α = 0n1+n2 and hence

√
T α̂

d→ N
(︁
0n1+n2 , (1 + θ20)Ω

)︁
. (56)

De�ne

y =

√
T√︂

1 + θ̂20

[︄
Ω̂

− 1
2

11 α̂1

Ω̂
− 1

2
22 α̂2

]︄
d→ N

⎛⎝0n1+n2 ,

⎡⎣ In1 Ω
− 1

2
11 Ω12Ω

− 1
2

22

Ω
− 1

2
22 Ω21Ω

− 1
2

11 In2

⎤⎦⎞⎠ .

(57)
Since

τ̂ = (θ̂2A − θ̂20)− (θ̂2B − θ̂20) = α̂′
1Ω̂

−1
11 α̂1 − α̂′

2Ω̂
−1
22 α̂2, (58)

we have

T τ̂ = (1 + θ̂20) y
′

[︄
In1 0n1×n2

0n2×n1 −In2

]︄
y

d→ (1 + θ20)

n1+n2∑︂
i=1

λiXi, (59)
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where the λi's are the eigenvalues of

M ≡

[︄
In1 C

−C ′ −In2

]︄
, C = Ω

− 1
2

11 Ω12Ω
− 1

2
22 . (60)

The characteristic polynomial of M satis�es

|M − λIn1+n2| = |(1− λ)In1 | | − (1 + λ)In2 + C ′((1− λ)In1)
−1C|

= (−1)n2(1− λ)n1−n2 |In2 − C ′C − λ2In2|, (61)

so M has n1 − n2 eigenvalues equal to 1, and the remaining eigenvalues are
±√

ωi, where the ωi's are the eigenvalues of In2 − C ′C.

Remark 1. For nested models (n2 = 0), Proposition 2 yields

T τ̂
d→ (1 + θ20)χ

2
n1

(62)

under τ = 0. For non-overlapping models, θ20 = 0 and Ω = Σ. When

n2 = 1, the weights are n1 − 1 ones plus the pair ±(1 − R2)
1
2 , where R2 =

Ω21Ω
−1
11 Ω12/Ω22 is the coe�cient of determination between the residuals of r2t

and those of r1t (after regressing on r0t and a constant). With n1 = n2 = 1
and n0 = 0 this recovers the two-asset limit (18).

The sharp qualitative di�erence between the limiting behavior of τ̂ when

max[θ2A, θ
2
B] > θ20 (asymptotically normal at rate

√
T , depending only on θA,

θB, ρ) and when θ2A = θ2B = θ20 (weighted chi-squared di�erences at rate

T , depending on the canonical correlations of the residual factors) strongly

suggests that the normal approximation will perform poorly whenever θ2A and

θ2B are both close to θ20�that is, precisely when the two models are di�cult

to distinguish.
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3.3. Limiting distribution of the t-ratio

The t-ratio of τ̂ is de�ned as

t(τ̂) =

√
T τ̂

[4(θ̂2A + θ̂2B − 2ρ̂θ̂Aθ̂B) + 2(θ̂4A + θ̂4B − 2ρ̂2θ̂2Aθ̂
2
B)]

1
2

, (63)

where ρ̂θ̂Aθ̂B = µ̂′
AΣ̂

−1
AAΣ̂ABΣ̂

−1
BBµ̂B ≡ θ̂AB. Under H0 : τ = 0 and E[d2t ] > 0,

t(τ̂)
d→ N(0, 1). In the degenerate cases the limit is nonstandard, as we now

show.

Non-overlapping models. When θA = θB = 0 (and n0 = 0),

⎡⎢⎣ √
T Σ̂

− 1
2

11 µ̂1

√
T Σ̂

− 1
2

22 µ̂2

⎤⎥⎦ d→

⎡⎢⎣ z1

z2

⎤⎥⎦ ∼ N

⎛⎜⎝0n1+n2 ,

⎡⎢⎣ In1 R12

R21 In2

⎤⎥⎦
⎞⎟⎠ , (64)

where R12 = Σ
− 1

2
11 Σ12Σ

− 1
2

22 . It follows that T τ̂
d→ z′1z1 − z′2z2 and

t(τ̂)
d→ z′1z1 − z′2z2

2 (z′1z1 + z′2z2 − 2z′1R12z2)
1
2

. (65)

Diagonalizing the two quadratic forms simultaneously, the limit can be ex-

pressed in terms of independent random variables as

t(τ̂)
d→

u+
∑︁n2

i=1

√
ωi(w

2
1i − w2

2i)

2 [u+
∑︁n2

i=1 ωi(w2
1i + w2

2i)]
1
2

, (66)

where the ωi's are the eigenvalues of In2 − R21R12, u ∼ χ2
n1−n2

, and the

w1i's and w2i's are independent standard normals, all independent of u. In
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particular, when n2 = 1,

t(τ̂)
d→ u+

√
1−R2(w2

1 − w2
2)

2[u+ (1−R2)(w2
1 + w2

2)]
1
2

, (67)

with R2 = R21R12 and u ∼ χ2
n1−1. When n1 > n2 the limit has a positive

mean, and the shift can be computed explicitly. Interchanging w1i and w2i

�ips the sign of w2
1i−w2

2i in (66) while leaving the denominator unchanged, so

every term involving the w's has zero mean and, with Q = u+
∑︁n2

i=1 ωi(w
2
1i+

w2
2i) and ν = n1 − n2,

E
[︂
lim
T→∞

t(τ̂)
]︂
=

1

2
E

[︃
u√
Q

]︃
=

ν

2
√
π

∫︂ ∞

0

t−
1
2 (1 + 2t)−

ν+2
2

n2∏︂
i=1

(1 + 2ωit)
−1 dt,

(68)

using Q− 1
2 = Γ(1

2
)−1
∫︁∞
0
t−

1
2 e−tQdt and the independence of u and the w's.

The mean is strictly positive whenever ν > 0, and zero when n1 = n2 (in

which case u ≡ 0). For n2 = 1 the integral is hypergeometric:

E
[︂
lim
T→∞

t(τ̂)
]︂
=

ν Γ
(︁
ν+3
2

)︁
2
√
2 Γ
(︁
ν+4
2

)︁ 2F1

(︃
1,

1

2
;
ν + 4

2
;R2

)︃
, (69)

which equals, for example, 0.663 for (n1, n2, R) = (4, 1, 0.5) and 0.913 for

(6, 1, 0.1)�shifts that are large on the scale of the nominal N(0, 1) approxi-

mation.

The same two devices deliver the variance of the limit. Write X for the

limit random variable in (66). Expanding the square of its numerator, every

cross product contains a single factor w2
1i − w2

2i, so its expectation vanishes
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by the interchange argument, and

E[X2] =
1

4
E

[︃
u2

Q

]︃
+

1

4

n2∑︂
i=1

ωiE

[︃
(w2

1i − w2
2i)

2

Q

]︃
. (70)

Using Q−1 =
∫︁∞
0
e−tQ dt, the elementary transforms E[u2e−tu] = ν(ν+2)(1+

2t)−
ν+4
2 and E[(w2

1i −w2
2i)

2e−tωi(w
2
1i+w2

2i)] = 4(1+ 2ωit)
−3, and writing P (t) =

(1 + 2t)−
ν
2

∏︁n2

j=1(1 + 2ωjt)
−1 for E[e−tQ], we obtain

E[X2] =
1

4

∫︂ ∞

0

[︄
ν(ν + 2)

(1 + 2t)2
+

n2∑︂
i=1

4ωi

(1 + 2ωit)2

]︄
P (t) dt, (71)

and the variance of the limit follows by subtracting the square of the mean.

For n2 = 1, the identity
∫︁∞
0
(1 + 2t)−a(1 + 2ωt)−b dt = 1

2(a+b−1) 2F1(b, 1; a +

b;R2) with ω = 1−R2 gives the closed form

E[X2] =
1

ν + 4

[︃
ν(ν + 2)

4
2F1

(︃
1, 1;

ν + 6

2
;R2

)︃
+ (1−R2) 2F1

(︃
1, 3;

ν + 6

2
;R2

)︃]︃
.

(72)

When n1 = n2 = 1 (so ν = 0 and u ≡ 0), 2F1(1, 3; 3;R
2) = (1 − R2)−1

and E[X2] = 1
4
exactly, for every R, consistent with the N(0, 1

4
) limit

of Proposition 1. For the two examples above, the variance is 0.258 for

(n1, n2, R) = (4, 1, 0.5) and 0.251 for (6, 1, 0.1), and as ν → ∞ it declines

toward Var(
√︁
χ2
ν)/4 → 1

8
. Under the null, the t-ratio is therefore systemati-

cally shifted to the right, and its dispersion is roughly half that of the nominal

standard normal: the asymptotic approximation fails in both location and

scale.
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Overlapping models. When θ2A = θ2B = θ20, the same argument applied to

α̂1 and α̂2 (scaled by (1 + θ20)
− 1

2 ) shows that

t(τ̂)
d→ (1 + θ20)

1
2 (z′1z1 − z′2z2)

2 (z′1z1 + z′2z2 − 2z′1R12z2)
1
2

, (73)

where now R12 = Ω
− 1

2
11 Ω12Ω

− 1
2

22 . That is, the limit for the overlapping case is

(1+ θ20)
1
2 times the limit for the non-overlapping case, with Σ replaced by Ω.

Nested models. The nested case is the most extreme: as shown in Sec-

tion 4.1 below, t(τ̂) is a monotonic transformation of the Gibbons et al.

(1989) statistic and is therefore always positive, with

t(τ̂)
d→
√︁
χ2
n1

2
(74)

under τ = 0. Comparing t(τ̂) with standard normal critical values is therefore

meaningless for nested models regardless of the sample size.

4. Exact distributions

We now assume that rt is i.i.d. multivariate normal and derive the ex-

act �nite-sample distribution of τ̂ and of the t-ratio t(τ̂) for the three types

of model comparison. Throughout, Wm(n, V ) denotes the m-dimensional

Wishart distribution with n degrees of freedom and scale matrix V ,Wm(n, V,∆)

its noncentral counterpart with noncentrality matrix ∆, and χ2
n(λ) the non-

central chi-squared distribution.
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4.1. Nested models

Suppose n2 = 0, so Model B (with factors r0t) is nested in Model A (with

factors rAt = [r′0t, r
′
1t]

′), and θ̂2B = θ̂20. Let nA = n0 + n1. From Gibbons et

al. (1989), conditional on θ̂20,

τ̂

1 + θ̂20
∼ G

Tτ

1+θ̂20
n1,T−nA

, (75)

where Gω
m,n ≡ χ2

m(ω)/χ
2
n denotes the ratio of independent noncentral and

central chi-squared random variables. Combining (75) with the marginal

distribution θ̂20 ∼ G
Tθ20
n0,T−n0

, the exact cdf and density of τ̂ are

P [τ̂ < c] =

∫︂ ∞

0

P

[︃
G

Tτ
1+x

n1,T−nA
<

c

1 + x

]︃
g
Tθ20
n0,T−n0

(x)dx, (76)

fτ̂ (c) =

∫︂ ∞

0

g
Tτ
1+x

n1,T−nA

(︃
c

1 + x

)︃
1

1 + x
g
Tθ20
n0,T−n0

(x)dx, (77)

where gωm,n(·) is the density of Gω
m,n.

4 The exact distribution of τ̂ therefore

depends only on θ2A and θ2B = θ20 (besides n0, n1, and T ), and�unlike the

asymptotic distribution�there is no need to distinguish between τ = 0 and

τ ̸= 0. Under the null τ = 0, the exact distribution of τ̂ depends on the

nuisance parameter θ0.

4Note that the density of Gω
m,n is proportional to the density of a noncentral F distri-

bution with m and n degrees of freedom, and a noncentrality parameter of ω.

33



The exact moments of τ̂ are also readily available. The mean of τ̂ is

E[τ̂ ] = E[θ̂2A]− E[θ̂2B] =
Tθ2A + nA

T − nA − 2
− Tθ2B + n0

T − n0 − 2
, (78)

so τ̂ is biased upward under τ = 0 (the larger model mechanically gains more

from estimation error), and

E[τ̂ k] =
Γ
(︁
n1

2
+ k
)︁
Γ
(︁
T−nA

2
− k
)︁

Γ
(︁
T−nA

2

)︁ k∑︂
i=0

(︃
k

i

)︃ (︁
Tτ
2

)︁i
Γ
(︁
n1

2
+ i
)︁E[(1 + θ̂20)

k−i] (79)

for k < (T − nA)/2, where the moments of θ̂
2
0 are

E[(θ̂20)
i] =

Γ
(︁
n0

2
+ i
)︁
Γ
(︁
T−n0

2
− i
)︁

Γ
(︁
T−n0

2

)︁ i∑︂
j=0

(︃
i

j

)︃ (︂
Tθ20
2

)︂j
Γ
(︁
n0

2
+ j
)︁ . (80)

For the special case τ = 0, (79) simpli�es to

E[τ̂ k] =
Γ
(︁
n1

2
+ k
)︁
Γ
(︁
T−nA

2
− k
)︁

Γ
(︁
n1

2

)︁
Γ
(︁
T−nA

2

)︁ E[(1 + θ̂20)
k]. (81)

Figure 6 plots the exact density of τ̂ when θA = θB = 0.3, T = 120, n0 =

1, and n1 = 9. There is a substantial di�erence between the exact density and

the asymptotic (scaled chi-squared) approximation of Proposition 2. With

the exact moments available, we can also approximate the distribution of

τ̂ by a Pearson curve that matches the �rst four moments (see Solomon

and Stephens, 1978, for the �tting method): the Pearson approximation is

almost indistinguishable from the exact density. Figure 7 considers θA = 0.3,
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θB = 0.2 with T = 120 (top) and T = 600 (bottom). The asymptotic normal

approximation is far from satisfactory in both cases. Part of the error is the

bias (78), but correcting the bias�or even using the exact mean and variance

in a normal approximation�still leaves a large approximation error, whereas

the Pearson approximation is nearly exact.

τ̂

0 0.05 0.1 0.15 0.2 0.25 0.3

f
(τ̂
)

0

2

4

6

8

10

12
θA = 0.3, θB = 0.3, n0 = 1, n1 = 9, T = 120

Asymptotic
4-Moment App.
Exact

Figure 6: Exact density of τ̂ for nested models with θA = θB = 0.3, n0 = 1, n1 = 9, and
T = 120, together with the asymptotic distribution and the Pearson approximation.

The t-ratio for nested models. For nested models, θ̂AB is numerically
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Figure 7: Exact density of τ̂ for nested models with θA = 0.3, θB = 0.2, n0 = 1, n1 = 9, and
T = 120 (top) and T = 600 (bottom), together with normal approximations (asymptotic,
bias-adjusted, exact mean and variance) and the Pearson approximation.
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identical to θ̂2B = θ̂20, so the t-ratio (63) collapses to

t(τ̂) =

√
T τ̂

[2(2 + θ̂2A + θ̂2B)τ̂ ]
1
2

=

√
TG

[2(2 +G)G]
1
2

, (82)

whereG = τ̂ /(1+θ̂20) is, conditionally on θ̂
2
0, the Gibbons et al. (1989) statistic

G
Tτ/(1+θ̂20)
n1,T−nA

. Two immediate consequences follow. First, P [t(τ̂) < 0] = 0, and

t(τ̂) is bounded above by
√︁
T/2 (approached as G → ∞). Second, since

t(τ̂) is a monotonic transformation of G, exact inference under H0 : τ = 0 is

available directly from the F -distribution of the GRS statistic: if cα satis�es

P [Gn1,T−nA
> cα] = α, then

P

[︄
t(τ̂) >

√
Tcα

[2(2 + cα)cα]
1
2

]︄
= α. (83)

For 0 < c <
√︁
T/2, the exact cdf and density of t(τ̂) are

P [t(τ̂) < c] =

∫︂ ∞

0

P

[︃
G

Tτ
1+x

n1,T−nA
<

4c2

T − 2c2

]︃
g
Tθ20
n0,T−n0

(x)dx, (84)

ft(τ̂)(c) =

∫︂ ∞

0

g
Tτ
1+x

n1,T−nA

(︃
4c2

T − 2c2

)︃
8Tc

(T − 2c2)2
g
Tθ20
n0,T−n0

(x)dx. (85)

Under τ = 0 we have TG
d→ χ2

n1
, so

t(τ̂)
d→
√︁
χ2
n1

2
, (86)

a positive random variable with mean Γ((n1 +1)/2)/[
√
2 Γ(n1/2)]�nowhere

near the standard normal. Figure 8 plots the exact density of t(τ̂) for τ = 0,
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0.1, and 0.2 with θB = 0.2, n0 = 1, and n1 = 9. Under the null, t(τ̂) is

far from standard normal; moreover, the null distribution of t(τ̂) does not

depend on θB, so no choice of nuisance parameter rescues the standard normal

benchmark for nested models.
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Figure 8: Exact density of t(τ̂) for nested models with θB = 0.2, n0 = 1, n1 = 9, T = 120,
for τ = 0, 0.1, 0.2, together with the standard normal density.
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4.2. Non-overlapping models

Suppose now n0 = 0, so Model A has factors r1t (n1 × 1), Model B has

factors r2t (n2 × 1), and

τ̂ = µ̂′
1Σ̂

−1
11 µ̂1 − µ̂′

2Σ̂
−1
22 µ̂2, (87)

with µ̂ ∼ N(µ,Σ/T ) independent of T Σ̂ ∼ Wn1+n2(T − 1,Σ). In this subsec-

tion we write θ2A = µ′
1Σ

−1
11 µ1, θ

2
B = µ′

2Σ
−1
22 µ2, and θAB = µ′

1Σ
−1
11 Σ12Σ

−1
22 µ2 =

ρθAθB.

4.2.1. A canonical stochastic representation

Let R12 = Σ
− 1

2
11 Σ12Σ

− 1
2

22 with singular value decomposition R12 = Q1D̃Q
′
2,

where Q1 (n1 × n1) and Q2 (n2 × n2) are orthonormal and

D̃ =

⎡⎢⎣ D

0(n1−n2)×n2

⎤⎥⎦ , D = Diag(d1, . . . , dn2), (88)

with singular values d1 ≥ d2 ≥ · · · ≥ dn2 ≥ 0. If rank(Σ12) = k ≤ n2, then

dk > 0 = dk+1 = · · · = dn2 . The di's are the canonical correlations between

r1t and r2t: de�ning the rotated factors r̃1t = Q′
1Σ

− 1
2

11 r1t and r̃2t = Q′
2Σ

− 1
2

22 r2t,

we have Var[r̃1t] = In1 , Var[r̃2t] = In2 , and Cov[r̃1t, r̃
′
2t] = D̃. In particular, d1

is the maximal correlation between portfolios of r1t and portfolios of r2t. The

means µ̃1 = Q′
1Σ

− 1
2

11 µ1 and µ̃2 = Q′
2Σ

− 1
2

22 µ2 are the vectors of Sharpe ratios of

39



the rotated factors, and

θ2A =

n1∑︂
i=1

µ̃2
1,i, θ2B =

n2∑︂
i=1

µ̃2
2,i, θAB =

k∑︂
i=1

diµ̃1,iµ̃2,i. (89)

Let z1 =
√
TQ′

1Σ
− 1

2
11 µ̂1, z2 =

√
TQ′

2Σ
− 1

2
22 µ̂2, and

W =

⎡⎢⎣ W11 W12

W21 W22

⎤⎥⎦ = T

⎡⎢⎣ Q′
1Σ

− 1
2

11 0n1×n2

0n2×n1 Q′
2Σ

− 1
2

22

⎤⎥⎦ Σ̂

⎡⎢⎣ Σ
− 1

2
11 Q1 0n1×n2

0n2×n1 Σ
− 1

2
22 Q2

⎤⎥⎦
∼ Wn1+n2

⎛⎜⎝T − 1,

⎡⎢⎣ In1 D̃

D̃′ In2

⎤⎥⎦
⎞⎟⎠ , (90)

independent of

z =

⎡⎢⎣ z1

z2

⎤⎥⎦ ∼ N

⎛⎜⎝
⎡⎢⎣ √

T µ̃1

√
T µ̃2

⎤⎥⎦ ,
⎡⎢⎣ In1 D̃

D̃′ In2

⎤⎥⎦
⎞⎟⎠ . (91)

Then

θ̂2A = z′1W
−1
11 z1, θ̂2B = z′2W

−1
22 z2, θ̂AB = z′1W

−1
11 W12W

−1
22 z2. (92)

A sequential conditioning argument, whose details are given in Appendix C,

reduces this representation to a simulation algorithm for the triple (θ̂2A, θ̂
2
B, θ̂AB)

that requires only univariate normal and chi-squared draws and one k-dimensional

Wishart draw, regardless of n1 and n2. Partition z1 = [z′1a, z
′
1b]

′ with z1a the
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�rst k elements, let µ̃1a and µ̃2a collect the �rst k elements of µ̃1 and µ̃2

and µ̃2b the remaining n2 − k elements of µ̃2, and let Dk = Diag(d1, . . . , dk),

Ck = (Ik −D2
k)

1
2 , C̃ = C−1

k Dk = Diag(di/
√︁
1− d2i )i≤k, ω1 = T (θ2A − µ̃′

1aµ̃1a),

and ω2 = T (θ2B − µ̃′
2aµ̃2a). The algorithm produces θ̂2A directly, together with

three scalars (b11, b12, b22)�identi�ed in Appendix C as quadratic forms in

an inverse noncentral Wishart matrix�from which (θ̂2B, θ̂AB) are obtained in

the �nal step:

1. Generate z1a ∼ N(
√
T µ̃1a, Ik) and U11 = AA′ ∼ Wk(T − 1, Ik), with

A its Bartlett factor, and set a = z′1aU
−1
11 z1a. If n1 = k, set θ̂2A = a;

otherwise generate v1 ∼ χ2
n1−k

(︁
ω1

1+a

)︁
and v2 ∼ χ2

T−n1
, and set

θ̂2A = a+ (1 + a)
v1
v2
. (93)

2. Generate z3a ∼ N
(︂√

TC−1
k µ̃2a + C̃(z1a −

√
T µ̃1a), Ik

)︂
.

3. Generate y1a ∼ N(C̃z1a/θ̂A, Ik) and Ṽ11 = (Z+F )′(Z+F )+V0, where

Z is a k×k matrix of independent standard normals, V0 ∼ Wk(T −2−

k, Ik) is generated by the Bartlett decomposition, and F = G′C̃, with

G = A− 1− (1− a/θ̂2A)
1
2

a
z1aw

′, w = A−1z1a, (94)

the closed-form square root of the rank-one downdate: GG′ = U11 −

z1az
′
1a/θ̂

2
A (note that a ≤ θ̂2A by construction).

4. Compute a11 = y′1aṼ
−1
11 y1a, a12 = y′1aṼ

−1
11 z3a, and a22 = z′3aṼ

−1
11 z3a.

5. If n2 = k, set (b11, b12, b22) = (a11, a12, a22).
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6. If n2 = k+1, generate q̃1 ∼ N(0, 1+a11), q̃2 ∼ N
(︂
−
√
T µ̃2b +

a12q̃1
1+a11

, 1 + a22 − a212
1+a11

)︂
,

and u ∼ χ2
T−k−2, where µ̃2b is the last element of µ̃2, and set

b11 = a11 +
q̃21
u
, b12 = a12 +

q̃1q̃2
u
, b22 = a22 +

q̃22
u
. (95)

7. If n2 > k + 1, generate

z̃ ∼ N(0, 1 + a11), q0 ∼ (1 + a11)χ
2
n2−k−1, q = q0 + z̃2,

ỹ ∼ N

(︃
a12

√
q

1 + a11
−

√
ω2 z̃√
q
, 1 + a22 −

a212
1 + a11

)︃
,

v ∼
(︃
1 + a22 −

a212
1 + a11

)︃
χ2
n2−k−1

(︄
1

1 + a22 − a212
1+a11

ω2q0
q

)︄
,

u ∼ χ2
T−n2−1, w ∼ χ2

T−n2
, x ∼ N(0, 1), (96)

and set

b11 = a11 +
q

u
,

b12 = a12 +

√
q

u

[︃
ỹ −

(︂ v
w

)︂ 1
2
x

]︃
,

b22 = a22 +
v

w
+

1

u

[︃
ỹ −

(︂ v
w

)︂ 1
2
x

]︃2
. (97)

8. Set

θ̂AB =
θ̂A b12
1 + b11

, θ̂2B = b22 −
b212

1 + b11
. (98)

The algorithm involves no noncentral Wishart draws, so it is dramatically
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faster than simulating (µ̂, Σ̂) directly. It also shows that the exact joint distri-

bution of (θ̂2A, θ̂
2
B, θ̂AB) depends on the parameters only through (d1, . . . , dk),

µ̃1a, µ̃2a, θ
2
A, and θ

2
B�at most 3k + 2 scalars.

Rao�Blackwellized distribution and density estimates. When the object

of interest is the cdf or the density of τ̂ rather than draws, the algorithm

can be sharpened further. Generate θ̂2B from the alternative representa-

tion (C.5) of Appendix C, which does not involve (v1, v2), and let G =

(z1a, U11, z3a, Ũ11, u1, u2) collect all of the generated quantities except (v1, v2),

so that θ̂2B is a function of G. Conditional on G, the event {τ̂ ≤ c} is equiv-

alent to {v1/v2 ≤ (c + θ̂2B − a)/(1 + a)}, where a = z′1aU
−1
11 z1a. Since, given

G, v1 ∼ χ2
n1−k(ω1/(1+ a)) and v2 ∼ χ2

T−n1
are independent and depend on G

only through a, we obtain

P [τ̂ ≤ c | G] = P [τ̂ ≤ c | z1a, U11, θ̂
2
B] = F

ω1/(1+a)
n1−k,T−n1

(︄
(T − n1)(c+ θ̂2B − a)

(n1 − k)(1 + a)

)︄
(99)

for c + θ̂2B > a, and the probability is zero otherwise when n1 > k, where

F λ
m,n(·) denotes the cdf of the noncentral F distribution with (m,n) degrees

of freedom and noncentrality parameter λ. (When n1 = k, θ̂2A = a and

the conditional probability degenerates to the indicator of {a ≤ c + θ̂2B};

if n2 > k, the roles of the two models can be interchanged to restore a

smooth estimate.) Averaging the smooth conditional cdfs (99) across repli-

cations, rather than averaging indicator functions, is a conditional Monte

Carlo, or Rao�Blackwellization, argument (Hammersley, 1956; Gelfand and
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Smith, 1990): by the law of total variance it never increases, and in our

experiments substantially reduces, the simulation variance, and di�erentiat-

ing (99) with respect to c delivers smooth density estimates without kernel

smoothing.

4.2.2. The special case k = 1

When k = 1 we write d1 = R, so C̃ = R/
√
1−R2, and the joint dis-

tribution of (θ̂2A, θ̂
2
B, θ̂AB) depends on �ve parameters: R, θ2A, θ

2
B, µ̃1a, and

µ̃2a. The specialization is in k only, and applies for general n1 and n2: k = 1

requires only that R12 have rank one, which holds automatically when n2 = 1

(provided R12 ̸= 0n1) and otherwise means that a single linear combination of

the Model B factors is correlated with the Model A factors; when n2 > 1, the

surplus θ2B − µ̃2
2a ≥ 0 enters through the noncentrality parameter ω2. When

n2 = k = 1 we have θ2B = µ̃2
2a. Since the singular vectors of R12 associated

with d1 are determined only up to a joint sign change�which �ips µ̃1a and

µ̃2a together, leaving their product invariant�we may set µ̃2a = θB without

loss of generality, so only four parameters remain. The correlation between

the two tangency portfolios is

ρ =
Rµ̃1aµ̃2a

θAθB
, (100)

which, upon substituting µ̃2a = θB, gives µ̃1a = (ρ/R)θA. The simulation

algorithm requires only univariate random variables: z1a ∼ N(
√
T µ̃1a, 1),

U11 ∼ χ2
T−1, z3a ∼ N(m3, 1) with m3 = [

√
T µ̃2a+R(z1a−

√
T µ̃1a)]/

√
1−R2,
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y1a ∼ N(C̃z1a/θ̂A, 1), and Ṽ11 = (z + F )2 + v0, with z ∼ N(0, 1), v0 ∼

χ2
T−3, and F = C̃(U11 − z21a/θ̂

2
A)

1
2 . For the Rao�Blackwellized estimates and

the moment derivations, the alternative representation (C.5) of θ̂2B uses the

noncentral chi-squared variable Ũ11 which, specializing (C.7) to k = 1, can

be generated as

Ũ11 =

(︄√︃
R2U11

1−R2
+ x

)︄2

+ u, x ∼ N(0, 1), u ∼ χ2
T−2, (101)

with x and u independent of each other and of (z1a, U11, z3a), so that condi-

tionally on U11, Ũ11 ∼ χ2
T−1

(︂
R2U11

1−R2

)︂
. It is worth emphasizing that the exact

joint distribution of (θ̂2A, θ̂
2
B) depends on R, whereas the asymptotic joint

distribution depends only on (θ2A, θ
2
B, ρ). One can verify that ρ2 ≤ R2, with

equality if and only if µ̃2
1a = θ2A and µ̃2

2a = θ2B.

4.2.3. Exact joint moments for k = 1

The representation also delivers the exact product moments of (θ̂2A, θ̂
2
B)

when k = 1. Let νi,j = E[θ̂2iA θ̂
2j
B ]. For i < (T − n1)/2 and j < (T − n2)/2,

νi,j =
1

2i
(︁
T−n1

2
− i
)︁
i
2j
(︁
T−n2

2
− j
)︁
j

i∑︂
r=0

(︃
i

r

)︃
E[wi−r

1 ]

j∑︂
s=0

(︃
j

s

)︃
E[z2r1az

2s
2a]E[w

j−s
2 ]

× 2F1

(︃
r, s;

T − 1

2
;R2

)︃
, (102)

where (a)m denotes the Pochhammer symbol, z2a is the �rst element of z2,

w1 = z′1bz1b ∼ χ2
n1−1(T (θ

2
A − µ̃2

1a)), and w2 = z′2bz2b ∼ χ2
n2−1(T (θ

2
B − µ̃2

2a)).
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The bivariate normal product moments E[z2r1az
2s
2a] can be computed with the

recursion (30), and the noncentral chi-squared moments satisfy the three-

term recursions of Hillier et al. (2014),

E[wk
1 ] = [T (θ2A − µ̃2

1a) + 4k + n1 − 5]E[wk−1
1 ]− 2(k − 1)(2k + n1 − 5)E[wk−2

1 ],

(103)

with E[w0
1] = 1 and E[w1] = n1 − 1 + T (θ2A − µ̃2

1a) (and analogously for w2).

Two special cases are worth recording. When n2 = 1 (a single unique

factor in Model B, the most common case in applications), w2 = 0 and

νi,j =
1

2i
(︁
T−n1

2
− i
)︁
i
2j
(︁
T−1
2

− j
)︁
j

i∑︂
r=0

(︃
i

r

)︃
E[z2r1az

2j
2a]E[w

i−r
1 ]2F1

(︃
r, j;

T − 1

2
;R2

)︃
,

(104)

and when n1 = n2 = 1,

νi,j =
E[z2i1az

2j
2a]

2i
(︁
T−1
2

− i
)︁
i
2j
(︁
T−1
2

− j
)︁
j

2F1

(︃
i, j;

T − 1

2
;R2

)︃
, (105)

consistent with the two-asset results of Section 2.2 (where R = ρ because

n1 = n2 = 1 implies µ̃2
1a = θ2A and µ̃2

2a = θ2B). In particular, when n2 = 1,

E[θ̂2Aθ̂
2
B] =

1

(T − n1 − 2)(T − 3)

[︃
(1 + Tθ2B)

{︃
n1 − 1 + Tθ2A

(︃
1− ρ2

R2

)︃}︃
+

{︃
(1 + Tθ2B)

(︃
1 +

Tθ2Aρ
2

R2

)︃
+ 2R2 + 4TθAθBρ

}︃
2F1

(︃
1, 1;

T − 1

2
;R2

)︃]︃
,

(106)

46



which, combined with the marginal moments, yields the exact covariance

Cov[θ̂2A, θ̂
2
B] in closed form. Using 2F1

(︁
1, 1; T−1

2
;R2

)︁
= 1 + 2R2

T−1
+ O(T−2),

one can verify that

lim
T→∞

T Cov[θ̂2A, θ̂
2
B] = 2ρθAθB(2 + ρθAθB), (107)

matching the asymptotic covariance in (52), which is independent of R. In

�nite samples, however, R has a �rst-order e�ect on the joint distribution.

With the exact moments of (θ̂2A, θ̂
2
B) in hand, the moments of τ̂ follow

from the binomial expansion E[τ̂ k] =
∑︁k

i=0

(︁
k
i

)︁
(−1)k−iνi,k−i, and a Pearson

curve can be �tted to the �rst four moments.

4.2.4. Numerical illustrations

Figure 9 presents the exact density of τ̂ for a non-overlapping comparison

with n1 = 5, n2 = 1, θA = 0.18, θB = 0.16, ρ = 0.8, R = 0.9, for T = 120

(top) and T = 600 (bottom). The asymptotic normal distribution is a poor

approximation at T = 120 even after bias and variance corrections, and a

noticeable gap remains at T = 600. The Pearson approximation, in contrast,

works very well at both sample sizes.

Figure 10 examines the t-ratio. The top panel plots the exact density of

t(τ̂) for n1 = 5, n2 = 1, T = 120, ρ = 0.8, R = 0.9, and common values

θA = θB = θ. Two patterns emerge. First, because of the bias of τ̂ , t(τ̂)

has a positive mean even though τ = 0. Second, for small θ the distribution

departs dramatically from the standard normal, in line with the degenerate
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Figure 9: Exact density of τ̂ for non-overlapping models with n1 = 5, n2 = 1, θA = 0.18,
θB = 0.16, ρ = 0.8, R = 0.9, for T = 120 (top) and T = 600 (bottom), together with
normal approximations and the Pearson approximation.
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limit theory of Section 3.3. The bottom panel uses the unbiased estimator of

τ in the numerator of the t-ratio, denoted t(τ̂a). Bias adjustment centers the

distribution but does not restore normality: the adjusted t-ratio is markedly

skewed, leading to under-rejection on the right tail, and the problem worsens

as θ decreases. Figure 11 repeats the exercise with T = 600: the distributions

move toward the standard normal, but for θ = 0 or 0.1 substantial departures

remain�in the former case because the limit is not N(0, 1), and in the latter

because convergence is very slow.

4.3. Overlapping models

Finally, consider the overlapping case with n0 > 0 and n2 > 0. De�ne

the regression intercepts and residual covariance blocks

αi = µi − Σi0Σ
−1
00 µ0, Ωij = Σij − Σi0Σ

−1
00 Σ0j, i, j ∈ {1, 2}, (108)

so that

δ21 ≡ α′
1Ω

−1
11 α1 = θ2A − θ20, (109)

δ22 ≡ α′
2Ω

−1
22 α2 = θ2B − θ20, (110)

δ12 ≡ α′
1Ω

−1
11 Ω12Ω

−1
22 α2 = θAB − θ20, (111)

with the identical relations holding for the sample counterparts, e.g., δ̂21 =

α̂′
1Ω̂

−1
11 α̂1 = θ̂2A− θ̂20. Thus τ̂ = δ̂21− δ̂22, and the analysis of the non-overlapping

case carries over with three modi�cations: (i) all distributions are taken
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Figure 10: Exact density of t(τ̂) (top) and of the bias-adjusted t(τ̂a) (bottom) for non-
overlapping models with n1 = 5, n2 = 1, T = 120, ρ = 0.8, R = 0.9, and common Sharpe
ratios θA = θB = θ, together with the standard normal density.

50



t(τ̂)
-3 -2 -1 0 1 2 3 4

D
en

si
ty

0

0.2

0.4

0.6

0.8

1

n1 = 5, n2 = 1, ρ = 0.8, R = 0.9, T = 600

N(0,1)
θ = 0
θ = 0.1
θ = 0.2
θ = 0.3

t(τ̂a)
-3 -2 -1 0 1 2 3 4

D
en

si
ty

0

0.1

0.2

0.3

0.4

0.5

0.6
n1 = 5, n2 = 1, ρ = 0.8, R = 0.9, T = 600

N(0,1)
θ = 0
θ = 0.1
θ = 0.2
θ = 0.3

Figure 11: Exact density of t(τ̂) (top) and of the bias-adjusted t(τ̂a) (bottom) for non-
overlapping models with n1 = 5, n2 = 1, T = 600, ρ = 0.8, R = 0.9, and common Sharpe
ratios θA = θB = θ, together with the standard normal density.
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conditional on θ̂20 ∼ χ2
n0
(Tθ20)/χ

2
T−n0

; (ii) the relevant canonical correlations

d1 ≥ · · · ≥ dn2 are the singular values ofR12 = Ω
− 1

2
11 Ω12Ω

− 1
2

22 , i.e., the canonical

correlations between the residuals of the unique factors after projection on

the common factors, and µ̃1 and µ̃2 become the corresponding vectors of

appraisal ratios, µ̃1 = Q′
1Ω

− 1
2

11 α1 and µ̃2 = Q′
2Ω

− 1
2

22 α2, with θ
2
A = θ20+

∑︁n1

i=1 µ̃
2
1,i

and θ2B = θ20 +
∑︁n2

i=1 µ̃
2
2,i; (iii) the degrees of freedom lose n0: conditional on

θ̂20,

α̂ =

⎡⎢⎣ α̂1

α̂2

⎤⎥⎦ ∼ N

⎛⎜⎝
⎡⎢⎣ α1

α2

⎤⎥⎦ , 1 + θ̂20
T

⎡⎢⎣ Ω11 Ω12

Ω21 Ω22

⎤⎥⎦
⎞⎟⎠ , (112)

T Ω̂ ∼ Wn1+n2 (T − n0 − 1,Ω) , (113)

with α̂ and Ω̂ independent. Consequently, de�ning z1 =
√
TQ′

1Ω
− 1

2
11 α̂1/

√︂
1 + θ̂20

and z2 =
√
TQ′

2Ω
− 1

2
22 α̂2/

√︂
1 + θ̂20, the entire apparatus of Section 4.2.1 applies

conditionally on θ̂20 with T − 1 replaced by T −n0− 1 in the Wishart degrees

of freedom, T − ni replaced by T − n0 − ni in the chi-squared degrees of

freedom, and the noncentrality parameters ωi divided by 1 + θ̂20:

ω1 =
T (δ21 − µ̃′

1aµ̃1a)

1 + θ̂20
, ω2 =

T (δ22 − µ̃′
2aµ̃2a)

1 + θ̂20
. (114)

The squared Sharpe ratios are then recovered as

θ̂2A = θ̂20 + (1 + θ̂20) z
′
1U

−1z1, θ̂2B = θ̂20 + (1 + θ̂20) z
′
3Ũ

−1z3. (115)

52



The degrees-of-freedom substitutions and output mappings that adapt the

simulation algorithm of Section 4.2.1 to the overlapping case are collected

in Appendix C. The Rao�Blackwellized cdf and density estimates of Sec-

tion 4.2.1 also carry over: writing τ̂ = x(QA − QB) with x = 1 + θ̂20, the

conditional cdf (99) applies with x added to the conditioning set G, c re-

placed by c/x, T − n1 replaced by T − nA, and ω1 replaced by ω1/x. As in

the non-overlapping case, only univariate and k-dimensional draws are re-

quired, and the exact joint distribution of (θ̂2A, θ̂
2
B, θ̂AB) depends on at most

3k + 3 parameters: θ20, (d1, . . . , dk), µ̃1a, µ̃2a, θ
2
A, and θ

2
B. When k = 1 and

n2 = 1, �ve parameters su�ce: (θ0, θA, θB, ρ, R), since

ρ̃ ≡ δ12
δ1δ2

=
ρθAθB − θ20√︁

(θ2A − θ20)(θ
2
B − θ20)

, µ̃1a =
δ1ρ̃

R
, µ̃2a = δ2. (116)

The exact moments of τ̂ are obtained conditionally on x = 1 + θ̂20. For

k = 1, letting δ̃21 = δ̂21 = θ̂2A − θ̂20 and δ̃22 = δ̂22 = θ̂2B − θ̂20, i.e., (1 + θ̂20) times

the normalized quadratic forms z′1U
−1z1 and z′3Ũ

−1z3, so that τ̂ = δ̃21 − δ̃22,

the same derivation as in Section 4.2.3 yields, for i < (T − nA)/2 and j <

(T − nB)/2 (with nA = n0 + n1 and nB = n0 + n2),

E[δ̃2i1 δ̃
2j
2 |x] = 1

2i
(︁
T−nA

2
− i
)︁
i
2j
(︁
T−nB

2
− j
)︁
j

i∑︂
r=0

(︃
i

r

)︃ j∑︂
s=0

(︃
j

s

)︃
E[z̃2r1az̃

2s
2a|x]

× E[w̃i−r
1 |x]E[w̃j−s

2 |x] 2F1

(︃
r, s;

T − n0 − 1

2
;R2

)︃
, (117)

where z̃ia =
√
xzia and w̃i = xwi, whose conditional moments satisfy re-
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cursions analogous to those of Section 4.2.3 (with x entering as a scale fac-

tor); the details are in Appendix C. Inspection of the recursions shows that

E[δ̃2i1 δ̃
2j
2 |x] is a polynomial of order i + j in x, so its unconditional expecta-

tion follows from the moments of x = 1 + θ̂20, which are available in closed

form. As in the other cases, limT→∞ T Cov[θ̂2A, θ̂
2
B] = 2ρθAθB(2 + ρθAθB),

independent of R, although R matters in �nite samples.

Remark 2 (Density spike at zero). The logarithmic divergence of the den-
sity of τ̂ at zero, established in Appendix A for non-overlapping models with
n1 = n2 = 1, has an exact analogue for overlapping models. Conditionally on
x = 1+ θ̂20, τ̂ = δ̃21 − δ̃22 is a di�erence of two quadratic forms with n1 and n2

degrees of freedom, and the density of τ̂ at zero is the integral of the joint den-
sity of (δ̃21, δ̃

2
2) along the diagonal, which behaves like

∫︁∞
0
s(n1+n2)/2−2ds near

the origin. The integral diverges if and only if n1 + n2 ≤ 2: for overlapping
models with a single unique factor on each side (n1 = n2 = 1, any n0), the
density of τ̂ diverges logarithmically at zero, exactly as in Appendix A, while
for all other (n1, n2) it is �nite, though possibly very peaked, at zero. For
nested models, where τ̂ ≥ 0, the conditional F representation of Section 4.1
shows that the density behaves like τ̂n1/2−1 at the origin: it diverges like τ̂−1/2

when n1 = 1, is positive and �nite when n1 = 2, and vanishes when n1 ≥ 3.

Figure 12 shows the exact density of τ̂ for an overlapping comparison

with n0 = 2, n1 = 3, n2 = 1, θ0 = 0.15, θA = 0.2, θB = 0.18, ρ = 0.8,

R = 0.9, for T = 120 (top) and T = 600 (bottom). At T = 120 the normal

approximation is poor even after bias and variance corrections; the Pearson

approximation is very accurate on the right tail, though somewhat less so on

the left tail at T = 120, and very accurate overall at T = 600. Figure 13 plots

the exact densities of t(τ̂) and t(τ̂a) for n0 = 1, n1 = 4, n2 = 1, T = 120,

θ0 = 0.1, ρ = 0.8, R = 0.9, and common values θA = θB = θ; Figure 14
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repeats the exercise for T = 600. The patterns mirror the non-overlapping

case: the t-ratio is right-shifted by the bias of τ̂ , bias adjustment produces

a skewed distribution with under-rejection on the right tail, and departures

from the standard normal remain visible at T = 600 for small θ − θ0.

5. Finite-sample tests

The distribution theory of Section 4 delivers implementable �nite-sample

tests. The natural testing problems are

H0 : τ = 0 vs. H1 : τ > 0 (nested models, where τ ≥ 0 by construction),

and

H0 : τ = 0 vs. H1 : τ ̸= 0 (non-overlapping and overlapping models).

For non-nested comparisons the two-sided alternative is the relevant one: ex

ante, neither model is favored, and the test should be able to detect supe-

riority of either model. The two problems di�er sharply in di�culty: for

nested models an exact similar test exists�the nuisance parameter prob-

lem disappears entirely�whereas for non-nested comparisons the exact null

distribution depends on nuisance parameters under H0.
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Figure 12: Exact density of τ̂ for overlapping models with n0 = 2, n1 = 3, n2 = 1,
θ0 = 0.15, θA = 0.2, θB = 0.18, ρ = 0.8, R = 0.9, for T = 120 (top) and T = 600
(bottom), together with normal approximations and the Pearson approximation.
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Figure 13: Exact density of t(τ̂) (top) and of the bias-adjusted t(τ̂a) (bottom) for over-
lapping models with n0 = 1, n1 = 4, n2 = 1, T = 120, θ0 = 0.1, ρ = 0.8, R = 0.9, and
common Sharpe ratios θA = θB = θ, together with the standard normal density.
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Figure 14: Exact density of t(τ̂) (top) and of the bias-adjusted t(τ̂a) (bottom) for over-
lapping models with n0 = 1, n1 = 4, n2 = 1, T = 600, θ0 = 0.1, ρ = 0.8, R = 0.9, and
common Sharpe ratios θA = θB = θ, together with the standard normal density.
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5.1. Nested models: an exact test

Suppose Model B is nested in Model A. As shown in Proposition 1 of

Barillas and Shanken (2017), comparing a nested pair of models amounts to

testing that the alphas of the excluded factors r1t on Model B are jointly

zero, so the exact test is the Gibbons et al. (1989) F test. In our notation,

under H0 : τ = 0,

F ≡ T − nA

n1

τ̂

1 + θ̂2B
∼ Fn1, T−nA

(118)

exactly, for every value of the nuisance parameter θ0: by (75), conditional

on θ̂20 the noncentrality vanishes under τ = 0, so the conditional�and hence

unconditional�distribution of F is central Fn1,T−nA
, free of θ0. The test that

rejects H0 when F exceeds the 1 − α quantile of the Fn1,T−nA
distribution

therefore has exact size α, and its power is strictly increasing in τ by the

stochastic monotonicity of the noncentral F distribution in its noncentrality

parameter. Since t(τ̂) is a strictly increasing transformation of the GRS

statistic (Section 4.1), the exact test can equivalently be stated in terms

of the t-ratio; what is invalid is only the standard normal benchmark. We

therefore recommend the exact F test for all nested comparisons, at any

sample size.

5.2. Non-overlapping and overlapping models: plug-in tests

For non-nested comparisons no transformation analogous to (118) re-

moves the nuisance parameters. Although the null H0 : τ = 0 pins down

τ , the exact null distribution still depends, in the canonical parametrization
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of Section 4.2, on ψ = (θ, d1, . . . , dk, µ̃1a, µ̃2a) with θA = θB = θ, plus θ0

in the overlapping case�at most 3k + 2 elements�so no exact similar test

exists; the same nuisance dependence a�icts the asymptotic test, with the

aggravating feature that the quality of the normal approximation itself varies

over the nuisance space and breaks down entirely as θ ↓ 0 (non-overlapping)

or θ ↓ θ0 (overlapping).

We recommend the following plug-in (parametric bootstrap) test: reject

H0 when t(τ̂) < ĉα/2 or t(τ̂) > ĉ1−α/2, where ĉq denotes the q quantile of the

exact null distribution of t(τ̂) evaluated at restricted nuisance estimates that

impose τ = 0; equivalently, the two-sided p-value is twice the smaller of the

two estimated tail probabilities of the observed statistic. The equal-tailed

form matters: the exact null distribution of t(τ̂) is markedly asymmetric�

right-shifted by the bias of τ̂ when n1 > n2�so a test that rejects when

|t(τ̂)| exceeds a symmetric critical value allocates almost none of its rejection

probability to the left tail. (A one-sided test of H0 : τ ≤ 0 obtains by

using only the upper-tail critical value ĉ1−α; since the distribution of t(τ̂)

is stochastically increasing in τ holding the remaining parameters �xed�a

property we veri�ed numerically�size control on the boundary extends to

the composite one-sided null.)

The restricted nuisance estimates are constructed as follows, for any n2 =

k ≥ 1. All elements of ψ are consistently estimable on the boundary. We
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pool the unbiased estimators of the two squared Sharpe ratios,

θ̃2 = max

{︄
0,

[(T − n1 − 2)θ̂2A − n1] + [(T − n2 − 2)θ̂2B − n2]

2T

}︄
, (119)

take d̂1, . . . , d̂k to be the sample canonical correlations (clipped to [0.01, 0.995]),

and obtain the rotated mean vectors from the singular value decomposition

of R̂12, projected onto the feasible set: µ̃2a is the estimated rotated mean

of Model B rescaled to length θ̃, which imposes the boundary restriction

exactly since θ2B = µ̃′
2aµ̃2a when n2 = k, and µ̃1a is the estimated rotated

mean of Model A scaled by θ̃/θ̂A and capped at length θ̃. For overlapping

models we additionally set θ̃20 = max{0, [(T −n0−2)θ̂20−n0]/T} and pool the

bias-corrected appraisal ratios, with all quantities computed from the resid-

ual covariance matrix Ω̂. The exact null distribution of t(τ̂) at any such ψ

is generated by the algorithm of Section 4.2.1, with k = n2 throughout: the

parametrization is continuous as di → 0, so no rank pretesting is required,

and the critical value is obtained in seconds. The inner distribution is exact,

so the only source of size distortion is the estimation error in ψ̂, a second-

order e�ect (Beran, 1988), as opposed to the �rst-order failure of the normal

approximation. A higher-dimensional nuisance estimate (larger n2) makes

this second-order error somewhat larger, but the construction is identical for

every k.

Remark 3 (Fast implementation for n2 = 1). When n2 = 1 the canon-
ical nuisance vector collapses to ψ = (θ, ρ, R) for non-overlapping models,
or (θ0, θ, ρ, R) for overlapping models, where R is the multiple correlation
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between the Model B factor and the Model A factors (computed from resid-
uals in the overlapping case) and ρ is the correlation implicit in θAB. The
general construction above then reduces to explicit scalar formulas: R̂2 =
Σ̂21Σ̂

−1
11 Σ̂12/Σ̂22, ρ̂ = θ̂AB/(θ̂Aθ̂B) (truncated to [−0.99, 0.99]), and µ̃1a =

θ̃ρ̂/R̂ (capped at ±θ̃). In addition, the inner simulation involves no k × k
matrix operations at all�every step reduces to scalar arithmetic on vectors
of draws, as in Section 4.2.1 with k = 1�so the null distribution can be
simulated in a fully vectorized form and the critical value is obtained in a
fraction of a second.

When provable size control is required, two re�nements are available at

moderate additional cost, both feasible only because the exact null distribu-

tion can be evaluated cheaply at any ψ: the maximized Monte Carlo test of

Dufour (2006), which takes the supremum of the critical value (or p-value)

over the boundary nuisance space and has size at most α by construction;

and the con�dence-set variant of Berger and Boos (1994), which restricts the

supremum to a 1 − β con�dence set for ψ and rejects when the maximized

p-value plus β is below α, retaining most of the power of the plug-in test

while guaranteeing the level. Estimation error in a higher-dimensional ψ̂

also enlarges the space over which the maximized Monte Carlo version takes

its supremum, but neither issue is speci�c to our setting.

5.3. Size and power

Table 1 reports the empirical size of three two-sided tests of H0 : τ = 0

at nominal α = 5% for T ∈ {60, 120, 240, 600}, together with their power

against �xed alternatives, based on 10,000 Monte Carlo samples with 100,000

inner replications for the plug-in critical values (simulation standard error
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≈ 0.002). The three tests are the equal-tailed plug-in test, the asymptotic

test |t(τ̂)| > 1.96, and the bias-adjusted asymptotic test |t(τ̂a)| > 1.96, where

τ̂a replaces τ̂ in the numerator of the t-ratio with the unbiased estimator of

τ�the adjustment employed by Barillas et al. (2020)�while keeping the

same variance estimate. To reduce the computational cost, the underlying

normal and chi-squared draws of the inner simulation are generated once

and reused across the Monte Carlo samples (common random numbers): the

degrees of freedom of the chi-squared variates depend only on (T, n0, n1, n2),

and the estimated nuisance parameters enter the stochastic representation of

Section 4.2 only through location shifts and noncentralities, so the reuse is

exact.

The table covers both n2 = 1 and n2 = 2 con�gurations; in the latter,

the plug-in test uses the general-n2 implementation of Section 5.2 (the mean

directions are µ̃1a ∝ (0.5, 0.3)′ and µ̃2a ∝ (0.8, 0.6)′ for the θ = 0.2 rows, and

µ̃1a ∝ (0.6, 0.2)′, µ̃2a ∝ (0.7, 0.7)′ for the θ = 0.3 rows). Four �ndings emerge.

First, the plug-in test controls size well throughout: across the forty-

eight size entries its empirical rejection rate lies in [0.016, 0.065], and in the

nondegenerate con�gurations it approaches the nominal level from below

as T grows. Modest overrejection appears in the nondegenerate n2 = 1

con�gurations at moderate and large sample sizes, but it never exceeds one

and a half percentage points (maximum 0.065).

Second, the two-sided asymptotic test based on t(τ̂) is severely undersized

in every con�guration: its size ranges from 0.002 to 0.049, and in none of the
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Table 1: Empirical size and power of two-sided tests of H0 : τ = 0 at nominal α = 5%.

Plug-in t(τ̂) t(τ̂a)

T 60 120 240 600 60 120 240 600 60 120 240 600

Size: non-overlapping models, n1 = 5, n2 = 1, ρ = 0.8, R = 0.9
θ = 0 0.026 0.023 0.025 0.025 0.007 0.005 0.005 0.006 0.030 0.032 0.031 0.034
θ = 0.1 0.041 0.041 0.046 0.054 0.009 0.009 0.010 0.015 0.031 0.030 0.023 0.024
θ = 0.2 0.045 0.065 0.062 0.060 0.010 0.015 0.020 0.030 0.023 0.028 0.028 0.034
θ = 0.3 0.055 0.058 0.064 0.058 0.016 0.024 0.029 0.039 0.024 0.024 0.034 0.040

Size: non-overlapping models, n1 = 5, n2 = 2
θ = 0.2, (d1, d2) = (0.8, 0.4) 0.047 0.057 0.060 0.055 0.011 0.015 0.024 0.037 0.003 0.009 0.021 0.034
θ = 0.3, (d1, d2) = (0.5, 0.3) 0.046 0.050 0.051 0.053 0.021 0.029 0.039 0.049 0.005 0.015 0.030 0.044

Size: overlapping models, n0 = 1, n1 = 4, n2 = 1, θ0 = 0.1, ρ = 0.8, R = 0.9
θ = 0.10 0.016 0.016 0.016 0.017 0.003 0.002 0.002 0.002 0.031 0.032 0.035 0.034
θ = 0.15 0.029 0.038 0.051 0.060 0.005 0.005 0.007 0.014 0.030 0.028 0.030 0.034
θ = 0.20 0.036 0.046 0.064 0.063 0.005 0.008 0.013 0.022 0.026 0.024 0.031 0.038
θ = 0.25 0.041 0.052 0.061 0.065 0.006 0.011 0.018 0.035 0.024 0.025 0.029 0.041

Size: overlapping models, n0 = 1, n1 = 4, n2 = 2, θ0 = 0.1
θ = 0.2, (d1, d2) = (0.8, 0.4) 0.029 0.039 0.053 0.053 0.007 0.008 0.018 0.029 0.002 0.004 0.015 0.029
θ = 0.3, (d1, d2) = (0.5, 0.3) 0.040 0.051 0.052 0.048 0.016 0.025 0.035 0.041 0.003 0.014 0.029 0.039

Power: non-overlapping models, n1 = 5, n2 = 1, ρ = 0.8, R = 0.9
(θA, θB) = (0.30, 0.15) 0.170 0.564 0.947 1.000 0.141 0.467 0.920 1.000 0.004 0.060 0.527 0.999
(θA, θB) = (0.15, 0.30) 0.242 0.385 0.632 0.967 0.007 0.060 0.358 0.935 0.096 0.255 0.585 0.970

Power: non-overlapping models, n1 = 5, n2 = 2, (d1, d2) = (0.8, 0.4)
(θA, θB) = (0.30, 0.15) 0.083 0.223 0.517 0.915 0.066 0.185 0.494 0.922 0.005 0.041 0.259 0.861
(θA, θB) = (0.15, 0.30) 0.137 0.249 0.436 0.835 0.010 0.045 0.226 0.757 0.028 0.118 0.349 0.821

Power: overlapping models, n0 = 1, n1 = 4, n2 = 1, θ0 = 0.1, ρ = 0.8, R = 0.9
(θA, θB) = (0.30, 0.15) 0.220 0.618 0.934 0.999 0.120 0.438 0.870 0.999 0.003 0.082 0.581 0.996
(θA, θB) = (0.15, 0.30) 0.194 0.365 0.641 0.972 0.012 0.093 0.439 0.955 0.092 0.269 0.615 0.975

Power: overlapping models, n0 = 1, n1 = 4, n2 = 2, θ0 = 0.1, (d1, d2) = (0.8, 0.4)
(θA, θB) = (0.30, 0.15) 0.083 0.233 0.590 0.964 0.044 0.154 0.501 0.958 0.004 0.047 0.312 0.928
(θA, θB) = (0.15, 0.30) 0.106 0.247 0.503 0.884 0.011 0.067 0.301 0.841 0.018 0.114 0.399 0.875

t(τ̂a) denotes the t-ratio with the unbiased estimator of τ in the numerator and the
same variance estimate in the denominator, the bias adjustment employed by Barillas
et al. (2020). The n2 = 2 power rows use the same rotated-mean directions as the
θ = 0.2 size rows�µ̃1a ∝ (0.5, 0.3)′ and µ̃2a ∝ (0.8, 0.6)′�rescaled so that the squared
Sharpe ratios of the two models equal θ2A and θ2B .
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twelve con�gurations does it attain the nominal level, even with �fty years

of monthly data�the best case at T = 600 is 0.049, for the non-overlapping

n2 = 2 design farthest from the degenerate boundary (θ = 0.3). The distor-

tion is systematically more severe the closer the models: within each panel

the asymptotic size falls as θ (or θ− θ0) shrinks toward the boundary, drop-

ping below 0.01 at all sample sizes in the most degenerate rows. This pattern

is exactly what the theory of Section 3.2 predicts: the closer the two mod-

els, the closer the null distribution of t(τ̂) is to the nonstandard degenerate

limit of Proposition 2, and the slower its convergence to normality. The bias-

adjusted statistic t(τ̂a), the test implicit in the bias-adjusted comparisons of

Barillas et al. (2020), removes the right shift of the null distribution and is

consequently much less lopsided across con�gurations: in the n2 = 1 panels

its size is far more stable (0.023�0.041), and at the degenerate boundaries�

where t(τ̂) essentially never rejects�it is the least conservative of the three

tests (0.030�0.035). But bias adjustment does not correct the skewness of the

null distribution, so t(τ̂a) remains undersized everywhere (maximum 0.044),

and in the n2 = 2 panels at short samples it is even more conservative than

t(τ̂) (0.002�0.005 at T = 60).

Third, at the fully degenerate boundary�θ = 0 in the non-overlapping

panel and θ = θ0 = 0.10 in the overlapping panel, where neither model

improves on nothing (respectively, on the common factor) and the limiting

theory fails entirely�both tests are conservative at all sample sizes: the plug-

in size stays near 0.025 and 0.016, respectively, regardless of T , a consequence
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of the truncation at zero in (119), while the asymptotic size is essentially zero.

This conservatism is the price of maintaining validity uniformly over the null.

Fourth, the power panels�which pair the τ > 0 alternative (θA, θB) =

(0.30, 0.15) with the mirror-image τ < 0 alternative (0.15, 0.30) in all four

designs�show that the de�ciencies of the two asymptotic tests are mirror

images of each other. Against the alternatives with τ > 0 (Model A better),

t(τ̂) has useful power (0.467 and 0.438 at T = 120 in the n2 = 1 designs,

versus 0.564 and 0.618 for the plug-in test), but against the alternatives with

τ < 0 (Model B better) it is nearly blind at short samples: at T = 60

its power ranges from 0.007 to 0.012�indistinguishable from its own size�

versus 0.106 to 0.242 for the plug-in test. The reason is the right shift of the

null distribution of t(τ̂): the symmetric region |t(τ̂)| > 1.96 has essentially no

probability in the left tail, so evidence that the smaller model is better goes

undetected, and a two-sided comparison based on t(τ̂) is biased toward re-

taining whichever model plays the role of Model A. Bias adjustment reverses

the asymmetry rather than removing it: t(τ̂a) improves markedly on t(τ̂)

against τ < 0 (0.096 versus 0.007 at T = 60, non-overlapping n2 = 1) but

collapses against τ > 0 (0.004 versus 0.141 at T = 60, and 0.060 versus 0.467

at T = 120), because recentering shifts the rejection mass from the right tail

to the left tail without correcting the skewness of the null distribution. The

equal-tailed plug-in critical values correct the level and both asymmetries at

once: at every T ≤ 240, in every design, and against both alternatives, the

plug-in test is the most powerful of the three (all three approach full power
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at T = 600). At the sample sizes typical of empirical work, the plug-in test

delivers materially more power at a better-controlled size.

5.4. Empirical illustration: comparing corporate bond factor models

We now apply the tests to the traded corporate bond factor models stud-

ied by Dickerson et al. (2023), using their data set of monthly factor re-

turns from August 2004 to December 2016 (T = 149). This application sits

squarely in the region where the Monte Carlo evidence of Section 5.3 im-

plies that asymptotic and �nite-sample inference can di�er materially: the

sample is short, the model-level sample squared Sharpe ratios are small, and

some of the factors are highly correlated. The six models are: the bond

CAPM (CAPMB), whose single factor is the corporate bond market factor

(θ̂2 = 0.061); the equity CAPM, with the stock market factor (0.026); the

single-factor model (HKMSF) with the traded intermediary capital factor of

He et al. (2017) (0.005); the two-factor intermediary model (HKM), with

the stock market and intermediary capital factors (0.037); the two-factor

model (DEFTERM) with the default and term factors of Fama and French

(1993) (0.028); and the four-factor corporate bond model (BBW) of Bai et

al. (2019), comprising the bond market factor and the downside risk, credit

risk, and liquidity risk factors (0.083). Three pairs are nested (CAPMB ⊂

BBW, CAPM ⊂ HKM, HKMSF ⊂ HKM); the remaining twelve pairs share

no common factor, so they are non-overlapping in the sense of Section 4.2.

For each of the 15 pairs, Table 2 reports τ̂ = θ̂2A − θ̂2B (row model mi-

67



nus column model, in the order of increasing model size), the test statistic,

and two p-values: the two-sided asymptotic p-value based on t(τ̂) and the

N(0, 1) limit, and the �nite-sample p-value from the equal-tailed plug-in test

of Section 5.2 with 100,000 inner replications. For the nested pairs, the

statistic is the F statistic, the asymptotic p-value is from the chi-squared

test (T τ̂/(1 + θ̂2B)
d→ χ2

n1
), and the �nite-sample p-value is from the exact F

test of Section 5.1.

Table 2: Pairwise comparison of six corporate bond factor models, August 2004�December
2016 (T = 149).

Pair Type τ̂ t/F p-asy p-fs

CAPMB vs CAPM non-overlapping 0.035 0.970 0.332 0.268

CAPMB vs HKMSF non-overlapping 0.056 1.465 0.143 0.057

CAPMB vs HKM non-overlapping 0.024 0.614 0.539 0.389

CAPMB vs DEFTERM non-overlapping 0.034 0.988 0.323 0.210

CAPMB vs BBW nested −0.022 0.987 0.385 0.401

CAPM vs HKMSF non-overlapping 0.021 1.146 0.252 0.066

CAPM vs HKM nested −0.011 1.599 0.203 0.208

CAPM vs DEFTERM non-overlapping −0.002 −0.040 0.968 0.853

CAPM vs BBW non-overlapping −0.057 −1.240 0.215 0.319

HKMSF vs HKM nested −0.032 4.724 0.029 0.031

HKMSF vs DEFTERM non-overlapping −0.023 −0.722 0.470 0.506

HKMSF vs BBW non-overlapping −0.078 −1.698 0.090 0.081

HKM vs DEFTERM non-overlapping 0.010 0.237 0.813 0.799

HKM vs BBW non-overlapping −0.046 −0.924 0.355 0.461

DEFTERM vs BBW non-overlapping −0.055 −1.232 0.218 0.242

For non-overlapping pairs, the statistic is t(τ̂), p-asy = 2Φ(−|t(τ̂)|), and p-fs is
the two-sided equal-tailed plug-in p-value. For nested pairs, the statistic is the F
statistic of the exact test (the sign of τ̂ follows the row-minus-column convention),
p-asy is the asymptotic chi-squared p-value, and p-fs is the exact F p-value.

The two tests deliver materially di�erent inference, in both directions, and

the exact null distributions make the mechanism transparent. For pairs of
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models with the same number of factors, the exact null distribution of t(τ̂) at

the restricted estimates is much less dispersed than N(0, 1): its 5% and 95%

quantiles are ±1.35 for CAPMB vs. CAPM, ±1.30 for CAPMB vs. HKMSF,

and ±1.04 for CAPM vs. HKMSF. This is the near-degeneracy analyzed in

Section 3: the pooled Sharpe ratio estimate is small (θ̃ ≈ 0.11�0.17 monthly)

and the factor correlation is sizeable (up to 0.82 between the stock market and

intermediary capital factors), so the studentization overstates the sampling

variability and the asymptotic test is severely conservative. The p-value for

CAPMB vs. HKMSF falls from 0.143 to 0.057, for CAPM vs. HKMSF from

0.252 to 0.066, and for CAPMB vs. DEFTERM from 0.323 to 0.210. For

pairs with unequal numbers of factors, the exact null is right-shifted (with

the larger model as Model A) � its median is about +0.2 for the (2, 1) pairs,

+0.3 for the (4, 2) pairs, and up to +0.5 for the (4, 1) pairs � so the direction

of the correction depends on the sign of the observed statistic: CAPM vs.

BBW (t = −1.24, the small model ahead) rises from 0.215 to 0.319. Ignoring

the shift makes the asymptotic test simultaneously conservative against the

larger model and liberal in its favor.

Economically, the �nite-sample tests sharpen the conclusions of Dickerson

et al. (2023). The comparisons that the asymptotic tests judge far from

signi�cant�the dominance of the bond CAPM and of the equity CAPM

over the single-factor intermediary model, and of the BBW model over the

same model�all become signi�cant at the 10% level (p-fs = 0.057, 0.066, and

0.081), with CAPMB vs. HKMSF borderline at 5%. At the same time, the
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nested comparison of CAPMB with the full BBW model remains statistically

indistinguishable (τ̂ = −0.022, exact F p-value 0.401), reinforcing the central

�nding of Dickerson et al. (2023) that the three BBW factors beyond the bond

market factor are redundant. For the nested pairs the exact F and asymptotic

chi-squared p-values essentially coincide, as T − nA is large relative to n1.

We have also performed a parallel analysis of the eight prominent equity

factor models compared by Barillas et al. (2020), over their January 1972�

December 2015 sample (T = 528). In the full sample, the asymptotic and

�nite-sample tests deliver essentially the same inference: no verdict changes

at conventional signi�cance levels. This is what the size analysis of Section 5.3

predicts: with T = 528 and the sizeable, well-separated squared Sharpe

ratios of the equity models, the null distribution of t(τ̂) is close to its N(0, 1)

limit, and the residual distortions are visible only in the far tails, where

they do not a�ect verdicts at conventional levels. Larger di�erences emerge

when the comparison is conducted over subperiods: in the second half of

the sample (January 1994�December 2015, T = 264), three verdicts �ip

at the 5% level, in each case because the conservative asymptotic test fails

to detect a di�erence that the exact test �nds, and the �ips involve pairs of

closely related models sharing four or �ve common factors�the con�guration

in which Table 1 shows the asymptotic test to be most severely undersized.

The full set of results for the BKRS model comparisons, over the full sample

and both subperiods, is reported in the Online Appendix.
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6. Conclusion

Comparing asset pricing models by the squared Sharpe ratios of their

factor tangency portfolios (Barillas and Shanken, 2017, 2018) has become

standard practice, with inference based on the asymptotic normal distribu-

tion of the di�erence of the sample squared Sharpe ratios (Barillas et al.,

2020). This paper shows that the asymptotic normal approximation is un-

reliable in exactly the circumstances that model comparison is designed for:

when the competing models have similar explanatory power. For nested mod-

els the standard normal benchmark for the t-ratio is invalid under the null

at any sample size; for non-overlapping and overlapping models the approxi-

mation deteriorates rapidly as the models' incremental contributions shrink,

with degenerate weighted chi-squared limits at the boundary; and the sample

di�erence is biased, can have an unbounded density at zero, and produces

markedly skewed t-ratios in �nite samples.

Under multivariate normality, we provide a complete �nite-sample dis-

tribution theory: exact distributions and moments for nested models via

a conditional GRS representation; canonical stochastic representations for

non-overlapping and overlapping models that reduce the joint distribution

of the two sample squared Sharpe ratios to a small number of parameters

and allow extremely fast exact simulation using only low-dimensional ran-

dom variables; and closed-form hypergeometric expressions for the exact joint

moments. For applied work, we recommend basing inference on the exact

distributions (or their nearly exact Pearson approximations) rather than on
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asymptotic normal approximations, and we caution strongly against standard

normal inference for nested comparisons.5 For future work, it is important

to extend the analysis in the current paper and develop the corresponding

�nite-sample theory for the squared Sharpe ratios of mimicking portfolios of

non-traded factors.

Appendix A. Linear combination of two correlated noncentral chi-

squared random variables

Suppose X1 ∼ N(µ1, 1) and, conditional on X1 = x1,

X2 ∼ N

(︄
µ2 + ρ(x1 − µ1)√︁

1− ρ2
, 1

)︄
. (A.1)

We seek the density and cdf of Y = aX2
1 − bX2

2 with a > 0 and b > 0.

Conditional on X1 = x1, the equation Y = c has the two roots x2,± =

±
√︁

(ax21 − c)/b. For c > 0,

P [Y < c]

=

∫︂ −
√

c/a

−∞
P [X2 < x2,− or X2 > x2,+|x1]fX1(x1)dx1 + P [−

√︁
c/a < X1 <

√︁
c/a]

+

∫︂ ∞

√
c/a

P [X2 < x2,− or X2 > x2,+|x1]fX1(x1)dx1, (A.2)

5MATLAB programs implementing all of the exact distributions, moments, and simu-
lation algorithms in this paper are available from the authors.
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and for c ≤ 0,

P [Y < c] =

∫︂ ∞

−∞
P [X2 < x2,− or X2 > x2,+|x1]fX1(x1)dx1. (A.3)

Di�erentiating, the density for c > 0 is

fY (c) =
1

2
√
b

∫︂ −
√

c/a

−∞

fX2|X1(x2,+|x1) + fX2|X1(x2,−|x1)√︁
ax21 − c

fX1(x1)dx1

+
1

2
√
b

∫︂ ∞

√
c/a

fX2|X1(x2,+|x1) + fX2|X1(x2,−|x1)√︁
ax21 − c

fX1(x1)dx1, (A.4)

and for c < 0,

fY (c) =
1

2
√
b

∫︂ ∞

−∞

fX2|X1(x2,+|x1) + fX2|X1(x2,−|x1)√︁
ax21 − c

fX1(x1)dx1. (A.5)

Note that fY (0) = ∞: the integrand behaves like |x1|−1 near x1 = 0 when

c = 0, so the density of Y is unbounded at the origin. More precisely, as

c→ 0,

fY (c) =
fX2|X1(0|0) fX1(0)√

ab
ln

1

|c|
+O(1), (A.6)

so the divergence is logarithmic and symmetric in c. This is the source of the

density spike of τ̂ at zero noted in Section 2.3.

Appendix B. Quadratic forms in an inverse Wishart matrix

Let y and z bem×1 vectors and V ∼ Wm(n, Im), independent of y and z.

The following representation permits fast simulation of (y′V −1y, y′V −1z, z′V −1z)
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without generating V itself. Assume m ≥ 2 (the case m = 1 is trivial since

V ∼ χ2
n). Let Â = [y, z]′V −1[y, z] and A = [y, z]′[y, z]. From Theorem

3.2.11 of Muirhead (1982), Â−1 ∼ W2(n −m + 2, A−1), so with LL′ = A a

Cholesky factorization, W ≡ L′Â−1L ∼ W2(n−m+ 2, I2), independent of y

and z, and Â = LW−1L′. Writing ỹ = z′y/(z′z)
1
2 , v = y′y − ỹ2, q = z′z, so

that

L =

⎡⎢⎣ √
v ỹ

0
√
q

⎤⎥⎦ , (B.1)

and using the Bartlett decomposition

W =

⎡⎢⎣ w
√
wx

√
wx u+ x2

⎤⎥⎦ , (B.2)

with w ∼ χ2
n−m+2, u ∼ χ2

n−m+1, x ∼ N(0, 1), independent of each other, one

obtains

Â =

⎡⎢⎣ v
w
+ 1

u

[︂
ỹ −

(︁
v
w

)︁ 1
2 x
]︂2 √

q

u

[︂
ỹ −

(︁
v
w

)︁ 1
2 x
]︂

√
q

u

[︂
ỹ −

(︁
v
w

)︁ 1
2 x
]︂

q
u

⎤⎥⎦ . (B.3)

Moreover, if y ∼ N(µy, Im), then conditional on z, ỹ ∼ N
(︂
z′µy/(z

′z)
1
2 , 1
)︂

and v ∼ χ2
m−1

(︁
µ′
yµy −(z′µy)

2/(z′z)). Setting f = v/w and x̃ = (ỹ −
√
fx)/

√
1 + f , which is distributed as N

(︂
z′µy/

√︁
(1 + f)q, 1

)︂
, useful byprod-

ucts are

z′V −1z − (z′V −1y)2

1 + y′V −1y
=

q

x̃2 + u
, (B.4)
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z′V −1y

1 + y′V −1y
=

(︃
q

x̃2 + u

)︃ 1
2 x̃√︁

(1 + f)(x̃2 + u)
. (B.5)

Appendix C. Derivation of the simulation algorithm, and moment

recursions for overlapping models

Derivation of the simulation algorithm for non-overlapping models

The key to the analysis is a sequential conditioning argument. Partition

z1 = [z′1a, z
′
1b]

′ with z1a the �rst k elements, and note that z1b is independent

of z2. Write z2 = Cz3 with C = (In2 − D2)
1
2 , partition z3 = [z′3a, z

′
3b]

′

and µ̃2 = [µ̃′
2a, µ̃

′
2b]

′ with z3a and µ̃2a the �rst k elements, and let Dk =

Diag(d1, . . . , dk) and Ck = (Ik−D2
k)

1
2 denote the principal k×k submatrices

of D and C. Conditionally on z1a,

z3a ∼ N
(︂
C−1

k

(︂√
T µ̃2a +Dk(z1a − E[z1a])

)︂
, Ik

)︂
, (C.1)

independently of z3b ∼ N(
√
T µ̃2b, In2−k), since the last n2 − k canonical

correlations are zero. For the Wishart part, write W = LW0L
′ with

L =

⎡⎢⎣ In1 0n1×n2

D̃′ C

⎤⎥⎦ , W0 ∼ Wn1+n2(T − 1, In1+n2), (C.2)

and use the Bartlett decomposition

W0 =

⎡⎢⎣ U U
1
2X

X ′U
1
2 X ′X + V

⎤⎥⎦ , (C.3)
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where U ∼ Wn1(T − 1, In1), V ∼ Wn2(T − n1 − 1, In2), and X is an n1 × n2

matrix of independent standard normals, all mutually independent. Then

W11 = U and, setting Y = U
1
2 D̃C−1 +X, we have, conditionally on U ,

Ũ ≡ C−1W22C
−1 = Y ′Y+V ∼ Wn2

⎛⎜⎝T − 1, In2 ,

⎡⎢⎣ C̃U11C̃ 0k×(n2−k)

0(n2−k)×k 0(n2−k)×(n2−k)

⎤⎥⎦
⎞⎟⎠ ,

(C.4)

a noncentral Wishart matrix (Anderson, 1946; James, 1955), where U11 is the

upper-left k × k block of U and C̃ = C−1
k Dk = Diag(di/

√︁
1− d2i )i≤k. Since

θ̂2B = z′3Ũ
−1z3, the pair (θ̂

2
A, θ̂

2
B) can be generated by �rst drawing (z1, U) to

form θ̂2A = z′1U
−1z1 and then, conditionally, drawing (z3, Ũ) to form θ̂2B. The

idea of exploiting low-dimensional canonical representations of noncentral

Wishart matrices for simulation purposes goes back to Gleser (1976).

Further dimension reduction is possible. Partition U conformably with

z1 = [z′1a, z
′
1b]

′, so that the �a� blocks refer to the �rst k canonical coordinates�

the only ones correlated with Model B�and the �b� blocks (z1b and the blocks

U12 and U22 of U) to the remaining n1 − k coordinates, along which the two

factor sets are uncorrelated. The problem is invariant to rotations of the

b coordinates, so θ̂2A = z′1U
−1z1 can depend on the b blocks only through

rotation-invariant scalars, and these collapse into a univariate chi-squared

ratio. Speci�cally, the partitioned inverse of U gives z′1U
−1z1 = z′1aU

−1
11 z1a +

h′S−1h, where h = z1b − U21U
−1
11 z1a and S = U22 − U21U

−1
11 U12 ∼ Wn1−k(T −

1 − k, In1−k) is the Schur complement, independent of the rest. Writing
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U21 = Z ′U
1
2
11 for the Bartlett normal block Z, we have h = −(1+z′1aU

−1
11 z1a)

1
2 q

with q = (1+ z′1aU
−1
11 z1a)

− 1
2 (Z ′U

− 1
2

11 z1a − z1b) conditionally normal with iden-

tity covariance, and the quadratic form q′S−1q reduces, by the rotational

invariance just noted, to a ratio of a noncentral chi-squared variable (n1 − k

degrees of freedom) to an independent central one (T −1−k− (n1−k)+1 =

T − n1 degrees of freedom). One obtains the representation (93) of θ̂2A in

step 1 of the algorithm of Section 4.2.1, where, conditionally on z′1aU
−1
11 z1a,

v1 ∼ χ2
n1−k

(︁
ω1/(1 + z′1aU

−1
11 z1a)

)︁
with ω1 = T (θ2A − µ̃′

1aµ̃1a), and v2 ∼ χ2
T−n1

,

independent of each other; here µ̃1a denotes the �rst k elements of µ̃1. (When

n1 = k the second term is absent.) An identical argument applied to Ũ yields

θ̂2B = z′3aŨ
−1
11 z3a + (1 + z′3aŨ

−1
11 z3a)

u1
u2
, (C.5)

with Ũ11 ∼ Wk(T−1, Ik, C̃U11C̃) conditionally on U11, u1 ∼ χ2
n2−k

(︂
ω2/(1 + z′3aŨ

−1
11 z3a)

)︂
with ω2 = T (θ2B − µ̃′

2aµ̃2a), and u2 ∼ χ2
T−n2

, and, conditionally on z1a,

z3a ∼ N
(︂√

TC−1
k µ̃2a + C̃(z1a −

√
T µ̃1a), Ik

)︂
, (C.6)

which restates the conditional distribution of z3a above using C̃ = C−1
k Dk.

Rather than sampling the noncentral Wishart matrix Ũ11 conditionally on

U11, the pair (U11, Ũ11) can be generated jointly from a single central Wishart

draw. Since U11 and CkŨ11Ck are the diagonal k × k blocks of the principal

submatrix of W corresponding to the �rst k coordinates of each of the two
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blocks, we have

(U11, Ũ11)
d
=
(︁
B11, C

−1
k B22C

−1
k

)︁
, B ∼ W2k

⎛⎜⎝T − 1,

⎡⎢⎣ Ik Dk

Dk Ik

⎤⎥⎦
⎞⎟⎠ ,

(C.7)

where B11 and B22 are the diagonal k × k blocks of B, which is generated

in one step by the Bartlett decomposition. This joint construction underlies

the Rao�Blackwellized estimates and the moment derivations, which use the

representation (C.5) rather than steps 3�8 of the algorithm.

For the cross term, let y1 = Y ′U− 1
2 z1/θ̂A, which conditional on (U, z1)

is N(E[y1|z1, U ], In2) with E[y1|z1, U ] = [(C̃z1a/θ̂A)
′, 0′n2−k]

′, and let Ṽ =

Ũ − y1y
′
1 ∼ Wn2(T − 2, In2 ,Diag(C̃(U11 − z1az

′
1a/θ̂

2
A)C̃, 0(n2−k)×(n2−k))). By

the Sherman�Morrison identity,

θ̂2B = z′3Ṽ
−1z3 −

(z′3Ṽ
−1y1)

2

1 + y′1Ṽ
−1y1

, θ̂AB =
θ̂A y

′
1Ṽ

−1z3

1 + y′1Ṽ
−1y1

. (C.8)

which is the �nal step of the algorithm with b11 = y′1Ṽ
−1y1, b12 = y′1Ṽ

−1z3,

b22 = z′3Ṽ
−1z3. Step 3 of the algorithm draws the �rst k elements y1a of y1 and

generates Ṽ11 with the correct conditional distributionWk(T−2, Ik, C̃U11C̃−

C̃z1az
′
1aC̃/θ̂

2
A) given (U11, z1a, θ̂

2
A): the closed-form square root (94) of the

rank-one downdate avoids both a noncentral Wishart sampler and a matrix

square root per replication, at O(k2) cost. When n2 > k, the extension

of the three quadratic forms from Ṽ11 to Ṽ in steps 6�7 follows from the

representation of 2× 2 quadratic forms in inverse Wishart matrices given in
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Appendix B.

For the overlapping case, the identical steps apply conditionally on θ̂20

with the degrees-of-freedom substitutions of Section 4.3 (T −2 ↦→ T −n0−2,

T−k−2 ↦→ T−n0−k−2, T−n2−1 ↦→ T−n0−n2−1, T−n2 ↦→ T−n0−n2),

with E[q̃2] scaled by (1+ θ̂20)
−1/2, and with the outputs mapped into levels via

θ̂AB = θ̂20+(1+ θ̂20)δ̂1y
′
1Ṽ

−1z3/(1+y
′
1Ṽ

−1y1) and θ̂
2
B = θ̂20+(1+ θ̂20)[z

′
3Ṽ

−1z3−

(z′3Ṽ
−1y1)

2/(1 + y′1Ṽ
−1y1)].

Moment recursions for overlapping models

Conditional on x = 1 + θ̂20, the quantities entering (117) satisfy

E[z̃k1+1
1a z̃k22a|x] =

√
T µ̃1aE[z̃

k1
1a z̃

k2
2a|x] + k1xE[z̃

k1−1
1a z̃k22a|x] + k2RxE[z̃

k1
1a z̃

k2−1
2a |x],

(C.9)

with E[z̃01az̃
0
2a|x] = 1, E[z̃1a|x] =

√
T µ̃1a, and E[z̃2a|x] =

√
T µ̃2a, and

E[w̃k
1 |x] = [T (δ21 − µ̃2

1a) + (4k + n1 − 5)x]E[w̃k−1
1 |x]− 2(k − 1)(2k + n1 − 5)x2E[w̃k−2

1 |x],

(C.10)

with E[w̃0
1|x] = 1 and E[w̃1|x] = (n1−1)x+T (δ21− µ̃2

1a) (and analogously for

w̃2). Each conditional moment is a polynomial in x whose coe�cients can be

read o� the recursions, and the unconditional moments follow from

E[xi] = E[(1 + θ̂20)
i], (C.11)

computed from the moments of θ̂20 ∼ G
Tθ20
n0,T−n0

.
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