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R-Squareds in the Cross Section and Time Series

ABSTRACT

We exploit the fact that factor betas regulate both the time-series (TS) systematic volatilities

of asset returns and the cross-sectional (CS) dispersion of asset risk premia. This leads to a

link between the TS and the CS fit of a linear factor model. Specifically, we factorize the CS

R2 into two components: the first component captures the factor model’s average TS fit across

test assets, while the second component reflects the risk-return trade-off of the model’s optimal

factor portfolio (OFP) relative to the tangency portfolio of the test assets. Our factorization

explains why adding factors to a model may reduce the TS fit and why the introduction of

weak, but profitable factors, can improve pricing. Our results provide an interpretation for

the longevity of the CAPM and for the skepticism regarding the empirically-motivated pricing

factors proposed in the literature; i.e., the “factor zoo.”

JEL Classification: C12; C13; G12.

Keywords : Factor models; R-squared; Risk premia; Mimicking portfolios; Weak factors; Spu-

rious factors, Model misspecification.



Introduction

After six decades of asset pricing research, we still do not have a good understanding of the

link between the time-series (TS) and cross-sectional (CS) pricing properties of different factor

models. We know that if a model – i.e., a set of factors – spans the space of test asset

returns, then deviations from the model – i.e., alphas – translate into arbitrage opportunities

(Ross, 1976). But we also know – e.g., see Cochrane (2011) – that equilibrium asset pricing

models such as the capital asset pricing model (CAPM), consumption CAPM (C-CAPM), and

intertemporal CAPM (I-CAPM) propose pricing factors that need not be pervasive; whereas

pervasive factors – such as the returns on industry-sorted stock portfolios – need not command

nonzero risk premia.

When we turn to the variables identified by empirical studies to complement the factors of

equilibrium-based models (e.g., high-minus-low book-to-market, small-minus-big, etc.), we find

that excess returns on characteristc-sorted, long-short portfolios, may earn significant average

profits, but may not capture common variation in asset returns. But if stock characteristics

quantify exposure to priced risks that equilibrium models ignore, then we would expect the

new factors to be both significant and pervasive. On the other hand, if the factors are simply

returns on idiosyncratic and possibly illiquid near-arbitrage strategies, then there is no reason

to expect them to be pervasive. This general point is made by MacKinlay (1995), who notes

that factor models’ “missing factors,” as they are summarized by the returns on the “optimal

orthogonal portfolio,” explain little of the common variability in stock returns. In summary,

while a plethora of factors – the “factor zoo,” – have demonstrated effectiveness in explaining

CS patterns in equity risk premia, the link between TS and CS remains unclear.

The present paper contributes to the existing literature by formalizing the relationship be-

tween the TS and CS fit of an asset pricing model. Specifically, we quantify the CS fit of a

model by the R-squared of a second-pass OLS CSR of the test asset average (excess) returns
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on the estimated betas of single-factor models, where the factor is the (excess) return on the

model’s optimal factor portfolio (OFP); i.e., the tangency portfolio of the factors that summa-

rizes the model’s pricing properties. The estimated CS R-squared (R̂2
CS) can be factorized into

two terms. The first term is a measure of a model’s TS fit, quantified by the average systematic

volatility of the single-factor models of test asset returns relative to the average total volatility

of test asset returns. A systematic (unsystematic) model is one for which this ratio is high

(low). When test asset returns are normalized to have unit volatility, this first term simplifies

to the CS average of the single-factor models’ TS R-squared (R̂2
TS) values. The second term is

a measure of the OFP’s relative risk-return trade-off, given by the squared Sharpe ratio of the

OFP return relative to the ratio between the average test asset squared risk premium and the

average test asset return volatility. When the test asset returns are normalized and rotated to

be orthogonal to each other, as in the case of the PCs of test asset returns, this second term

simplifies to the ratio between the OFP’s squared Sharpe ratio (SR) and the average squared

SR of the test asset returns.1 This factorization affords novel and valuable insights into several

known and lesser-known empirical patterns in equity returns. Below, we provide a summarized

and simplified version of our main arguments. Detailed discussions are in the main body of

the paper.

In the spirit of MacKinlay (1995), we can re-formulate an estimated linear factor model for

the N test asset excess returns, rt, with K traded factors, as a single-factor model where the

single factor, f̂t, is the estimated OFP excess return (the hat denotes sample quantities):2

rt = â+ β̂f̂t + ε̂t. (1)

[Note: estimated or sample?] The estimated R-squared of a univariate second-pass regres-

1Note that if the model pricing factors are added to the test asset returns, the first term depends only on
the number of test assets and the number of factors driving the model. Hence, in the spirit of Barillas and
Shanken (2018), keeping constant the number of factors, we can evaluate the relative pricing properties of
different models based only on the comparison of their respective OFPs’ squared SRs.

2The OFP is also the portfolio whose rate of return is maximally (negatively) correlated with the model’s

SDF. Note that, in the case where the factors in f̂t are nontraded, we can replace them with their projection
on rt.
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sion of the N test asset estimated risk premia, µ̄, on the estimated factor loadings relative to

the OFP return, β̂, can be factorized as3

R̂2
CS =

Ave(σ̂2
n)− Ave(σ̂2

εn)

Ave(µ̄2
n)

λ̂2

σ̂2
f

=

[
1−

Ave(σ̂2
εn)

Ave(σ̂2
n)

]
λ̂2/σ̂2

f

Ave(µ̄2
n)/Ave(σ̂

2
n)
, (2)

where λ̂ is the second-pass CS estimate of the OFP’s risk premium, σ̂2
f is the estimate of the

OFP’s return variance, and σ̂2
εn (σ̂2

n) is the estimated error (test asset return) variance.4

The first term, 1− Ave(σ̂2
εn

)

Ave(σ̂2
n)
, quantifies the pervasiveness of the model’s OFP return w.r.t.

the test asset returns and captures the model’s TS fit. In the limiting case of a useless factor

model,
Ave(σ̂2

εn
)

Ave(σ̂2
n)

approaches one, and the first component converges to zero. At the other

extreme, the model’s OFP return exactly spans asset returns, idiosyncratic risk is zero, σ̂2
εn

approaches zero ∀n, and this first term converges to one. If the test asset excess returns are

normalized to have unit variance – i.e., we want to fit the cross-section of test asset SRs – then

this first component equals the average R̂2
TS across assets.

The second term,
λ̂2/σ̂2

f

Ave(µ̄2
n)/Ave(σ̂2

n)
, quantifies the relative OFP’s risk-return ratio, i.e., the

model’s relative Sharpe ratio. Suppose the test asset excess returns are also rotated to be

orthogonal to each other. In that case, this second component equals the ratio of the OFP’s

squared SR to the maximum achievable squared SR given the test assets. In short, Eq. (2)

shows how the CS fit of an asset pricing model depends on: i) the pervasiveness of the associated

OFP return; and ii) the attractiveness of the risk-return ratio offered by the model’s OFP

relative to that offered by the test assets.

Since the measure of TS fit that matters for the first term of the factorization is not the

average R̂2
TS of a multifactor model, but that of a single-factor model, where the single factor

3Note that the R̂2
CS is the same whether we run a multivariate CSR of µ̄ on the factor loadings of the

original factors or a univariate CSR of µ̄ on β̂.
4λ̂ is the estimated premium on a unit-beta mimicking portfolio, with a beta of one w.r.t. the OFP return.

The n subscripts in σ̂2
εn , σ̂

2
n, and µ̄n indicate that these quantities are test asset specific and that the averages

(Ave) are taken across n = 1, . . . , N.
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is the OFP’s excess return, as we expand the set of pricing factors the squared SR of the OFP

return increases monotonically, but there is no equivalent increase in the TS component of

the factorization. This is because – as we introduce more factors driving the OFP – we can

optimize the risk-return trade-off by hedging away the risks from the common factors, while

diversifying the idiosyncratic returns of near-arbitrage strategies (Green and Hollifield, 1992).

If the returns on these strategies are not reflected in the test asset excess returns, then adding

factors to the model can lower the TS fit of the single-factor model, while at the same time the

risk-return component of the factorization increases. If the first effect dominates, then adding

factors to the model may actually worsen the model’s pricing performance. This effect can be

overlooked in the standard estimation of multifactor models, as the multifactor model’s R̂2
TS –

like the OFP’s squared SR – increases monotonically as we expand the set of pricing factors.

Note that the factorization in Eq. (2) above simplifies further when test asset returns are

orthonormal, as in the case of the PCs of the original test asset returns. In this case, σ̂2
n = 1,∀n,

and the first term of the factorization in Eq. (2) above equals the average R̂2
TSn

of the single-

factor model across the test assets, while the second term simplifies to the ratio between the

squared SR of the model’s OFP and the maximum available squared SR given the test assets;

i.e., the estimated squared SR of the tangency portfolio of the test assets, ŜR
2

T . The R̂2
CS of

the second-pass univariate regression can then be factorized as

R̂2
CS = [1− Ave(R̂2

TSn
)]

λ̂2/σ̂2
f

ŜR
2

T/N
. (3)

This second case corresponds to the case where the second-pass CSR is implemented GLS-

style. In other words, the choice of metric in which to evaluate the performance of an asset

pricing model in the second-pass CSR is equivalent to the choice of the rotation of the test asset

returns; i.e., it is equivalent to implementing the model using an OLS-style CSR, performed

on a different set of portfolios of test assets.

To gain a better understanding of the link between TS and CS R-squareds, we display
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results through iso-R̂2
CS curves: we fix R̂2

CS = R̂2
CS and solve for λ̂2/σ̂2

f , obtaining:

λ̂2

σ̂2
f

=
[Ave(µ̄2

n)/Ave(σ̂
2
n)]× R̂2

CS[
1− Ave(σ̂2

εn
)

Ave(σ̂2
n)

] . (4)

Figures 1 and 2 show, for varying levels of R̂2
CS, the estimated squared SR of a model’s OFP,

λ̂2/σ̂2
f , as a function of the measure of average TS fit,

[
1− Ave(σ̂2

εn
)

Ave(σ̂2
n)

]
, in the OLS and GLS

cases.5

In Fig. 1, we regressed the average 25 Fama-French (FF) size-and-book-to-market portfolio

excess returns and the average 30 FF industry portfolio excess returns on the individual and

combined (the OFP of) factors of the six-factor FF model. The figure shows that individual

factors – especially the market factor – explain a substantial portion of the test asset TS

return variability, and have considerable explanatory power regarding the CS of average test

asset excess returns. Moreover, combinations of the factors lead to increases in the R̂2
CS, mainly

due to the improvement in the risk-return trade-off of the OFP. Indeed, it is noteworthy that

the most significant improvement occurs when the momentum factor is added to the five FF

factors (FF6).

In Fig. 2, on the other hand, we regress the average PCs of test asset returns on the

separate and combined (OFP of) factors of the six-factor FF factor model. The figure shows

that individual factors explain little of the TS variability in the PCs of test asset returns, and

their betas have limited explanatory power for the cross-section of the average PCs of test asset

returns. However, multifactor models lead to increases in R̂2
CS, mainly due to the improvement

in the OFP risk-return trade-off.

Our preliminary results, summarized above, document a tension between the CAPM and

popular reduced-form models, due to the nature of the factors and the choice of test assets.

The CAPM delivers a high R̂2
CS because the market factor is highly pervasive, with high TS

5Computationally, the iso-R̂2
CS curves are constructed by setting the quantity Ave(µ̄2

n)/Ave(σ̂2
n) equal to

the corresponding value computed on the test asset sample.
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fit across all test assets. Reduced-form multifactor models, on the other hand, improve the CS

fit by increasing the OFP relative squared SR. This happens for both traded and nontraded

factors, PCs, and when switching from OLS-style to GLS-style second-pass CSRs. In this

latter case, we obtain lower R̂2
CS values due to the relative (in)efficiency of the OFP’s sample

mean-variance location.6

The factorization of the R̂2
CS offers novel insights into the properties of the test statistics

used to assess whether the factors are priced (λ ̸= 0), useless (β = 0), and whether they price

correctly expected excess returns, i.e., the asset pricing restrictions hold (α = 0). Overall,

whether factors are priced/unpriced, useless/pervasive, and whether the model is correctly

specified/misspecified depends on the test assets that we use. In turn, this crucially depends

on whether a model’s factors are included in the test assets and, thus, priced exactly by

construction. Bearing in mind that comparing OLS vs. GLS is equivalent to comparing the

applications of OLS to different sets of test asset returns (the original test asset returns vs.

their PCs), our findings are as follows: i) the factors are mostly significantly priced with OLS;

ii) we cannot reject the β = 0 null in the GLS case, whilst we reject it when we use OLS for

the CAPM and momentum models, and for multifactor models; and iii) multifactor models

are rejected with GLS but not with OLS.

Our factorization sheds light on why this happens: the market factor is systematic, but

characteristic-based factors are not and, when combined into a tangency portfolio, the factors

can be viewed as near-arbitrage opportunities with low systematic risk, priced but useless

(GLS), and unable to price expected excess returns exactly (GLS). The near-arbitrage nature

of the factors also matters for nontraded factors and the PCs of test asset returns. While

we cannot exclude that single nontraded factors are useless and unpriced (moving from OLS

to GLS and vice versa), their combination in the OFP returns of conditional CAPM models

6As pointed out in Kandel and Stambaugh (1995), the goodness-of-fit measure for the GLS CS regression
is the squared relative efficiency of the index portfolio.
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(Jagannathan and Wang, 1996 and Lettau and Ludvigson, 2001) give back factors that are

priced and not useless, but unable to price exactly the test assets. As for reduced-form models

that use the PCs of test asset returns as pricing factors, we document a tension between a

model driven by the first PC only, and the multifactor versions, similar to that of the CAPM vs.

multifactor models. The first PC is priced and possibly useless, and multiple PCs combined in

an OFP are also priced and may be ineffective, because they are a near-arbitrage opportunity

(GLS). Again, we rule out the null hypothesis that the first few PCs price correctly all test

asset returns.

In a 20-year moving-window analysis, we document substantial changes in the TS variability

of R̂2
CS and its components, with factors exhibiting a decreasing risk-return trade-off. The

tension also appears in this context (GLS case): the estimate of the market risk premium

shows a steady increase, while the estimate of the multifactor OFP risk premium, which

includes momentum, peaks around 2004 before a gradual decline.

The near-arbitrage nature of characteristic-based factors connects our paper to a related

literature on robust SDF estimation and factor spanning. Kozak et al. (2018) show that, in the

absence of near-arbitrage opportunities, the SDF must be spanned by the dominant principal

components of the return covariance matrix – that is, by highly pervasive factors. Kozak et al.

(2020) apply this insight to construct a robust SDF from a large number of characteristic-

based factor returns, imposing a prior that shrinks the coefficients of the low-variance PCs

of the factor returns, that can be seen as near-arbitrage strategies. Their prior requires that

factors earning substantial risk premia account for a large share of return co-movement, and

they find that an SDF built from a small number of high-variance PCs performs well out of

sample, while a characteristic-sparse SDF does not. In our decomposition, factors with low

pervasiveness and a high relative reward-to-risk ratio correspond to the near-arbitrage case

that Kozak et al. (2020) find fragile. Lettau and Pelger (2020) approach the same tension

methodologically. Their RP-PCA estimator modifies PCA by penalizing CS pricing errors,
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minimizing a weighted sum of unexplained TS variation and CS mispricing – an objective that

directly reflects the trade-off between our two components. They identify five factors with high

Sharpe ratios and economic meaning that explain both the CS variability and TS properties

of characteristic-sorted portfolio returns.

More recently, Kozak and Nagel (2024) show that, if one or more characteristics linearly

explain the covariances of an admissible kernel with asset returns, then “GLS factors” – the

slopes of GLS-style cross-sectional regressions of returns on equity characteristics – perfectly

span the model’s multifactor SDF.7 By contrast, factors constructed heuristically – by sorting or

characteristic-weighting asset returns, or by running OLS cross-sectional regressions – span the

SDF only when the return covariance matrix has a specific structure, which is more likely when

a large number of characteristics is used simultaneously.8 Our decomposition complements this

characterization of factor models: for any model, whether or not spanning holds, it quantifies

how much the CS fit falls short of perfect pricing and, through which channel – pervasiveness

or reward-to-risk trade-off – this shortfall arises.

The reward-to-risk component of our factorization also highlights why factors can improve

pricing even when they are only weakly pervasive or not systematic at all: the choice of test

assets can change the nature of factors. This is the case, for example, of the momentum

factor, which plays a key role in improving the CS fit through its relative risk-return trade-

off component. When we add the momentum-portfolio returns to the test asset returns, the

average TS fit increases substantially, turning momentum returns into a systematic factor.

In other words, the momentum factor’s profitability translates into pervasiveness; i.e., alphas

7Balduzzi and Robotti (2008) obtain the same analytical result and emphasize how, by constructing GLS
factors, any characteristic-based explanation of the cross-section of equity risk premia can be translated into a
risk-based explanation.

8Bryzgalova et al. (2023) introduce a comprehensive Bayesian approach encompassing both tradable and
nontradable factors. They analyze 2.25 quadrillion models generated by a large set of factors and find that their
SDF outperforms existing models in- and out-of-sample. Didisheim et al. (2024) stress the value of complexity
in SDFs, noting that factor models tend to exhibit improved out-of-sample performance as the number of
factors increases.
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become betas due to the different choice of test assets. In this respect, we complement the

findings of Giglio et al. (2025), who deduce that the factors are strong or weak depending

on the test assets used in the estimation. Our results go one step further, as we show that

while factors can be pervasive or profitable based on the selected test assets, which echoes the

strong-weak property of factors in Giglio et al. (2025), we explain why weak factors, although

not pervasive, can improve pricing as they appear as near-arbitrage opportunities relative to

the other factors.

Finally, we extend our analysis to the “factor zoo” of Chen and Zimmermann (2020) and

show that the equity market factor remains by far the most pervasive factor in the zoo. In our

in-sample GLS-style analysis, we find that factors other than the market substantially con-

tribute to an increase in the CS R-squared mainly due to an increase in the relative squared

Sharpe ratio component. However, when performing the analysis out-of-sample, the attrac-

tiveness of these additional factors tends to fade away, and our findings contribute to explain

the longevity of the CAPM and the lack of robustness and associated skepticism regarding the

reduced-form factors that have been proposed in the literature.

This paper is organized as follows. Section I summarizes other related literature. Section II

derives the CS R2 factorization. In Section III, we describe the bootstrap exercises that we

run to make an inference on the three null hypotheses of interest. Section IV describes the

data, while Section V presents our results. Section VI concludes.

I Other Related literature

Our paper draws on several different strands of the empirical literature. The two-pass CSR,

introduced in Black et al. (1972) and Fama and MacBeth (1973), plays a central role in our

general theoretical framework. We discuss here robustness and misspecification in the two-pass

CSR for CS and TS asset pricing tests, as well as for inference methods in model estimation.
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The misspecification and robustness issues in the two-pass CSR were already discussed in

Fama and MacBeth (1973). Subsequent papers explored the topic in more depth. Jagannathan

and Wang (1998) highlight that beta pricing models are often misspecified and examines the

implications for CSR estimators. Similarly, Kan and Zhang (1999b) investigate the properties

of the two-pass CSR when incorporating a “useless factor” – a factor uncorrelated with the test

asset returns. They show that the t-value for such a factor tends to converge toward a high

value in CSRs, potentially leading to incorrect conclusions. They also show that the CS R2 in a

model with a useless factor does not converge in distribution to zero, but to a random variable.

They propose testing whether the factor betas of the test assets are significantly different from

zero in the first-pass TS regression before running the second-pass CS regression. This is

equivalent to examining the distribution of the TS fit term in our factorization. Furthermore,

Kan and Zhang (1999a) show that even Generalized Method of Moments (GMM) techniques

are vulnerable to useless factors when the model is misspecified. Gospodinov et al. (2014)

find that conventional inference methods tend to conclude erroneously that useless factors are

priced. To overcome this problem, they propose a procedure that eliminates factors that are

not useful and those with zero risk premia.9 Gospodinov et al. (2019) expose the problem

of possibly misspecified and unidentified linear asset pricing models in a maximum likelihood

context.

Building on the insights in the previous papers, Bryzgalova et al. (2023) propose a Bayesian

solution to address these challenges. Moreover, Kleibergen (2009), Burnside (2011), and Bryz-

galova (2015) extend this discussion to factors that are not necessarily useless but weak.

Kleibergen (2009) shows that the risk premium estimates of the two-pass procedure are spuri-

ous whenever the betas are relatively small. This problem is aggravated when the number of

test assets is significant. Burnside (2011) argues that sampling uncertainty in betas cannot be

overlooked when making inferences about factor risk premia. He also observes that excluding a

9In doing this, the authors find that the statistical significance of many nontraded factors is relatively weak.
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constant from the CS regression yields significantly lower R2-s than when it is included. Bryz-

galova (2015) proposes a new risk premium estimator that can be used as a model diagnostic.

This estimator eliminates the impact of weakly correlated factors on asset returns and, at the

same time, restores the identification of the strong factors in the model. In the Carhart (1997)

model, this estimator finds that the momentum factor is irrelevant when the test assets are

25 portfolios sorted by size and book-to-market ratio. At the same time, this estimator finds

that nearly all of the specifications with nontraded factors considered in the paper suffer from

identification failures, even when mimicking portfolios for these nontraded factors are used.

In the two-pass estimation method, an important decision concerns the choice of weighting

matrix used in the second-pass regression: for example, whether to employ Ordinary Least

Squares (OLS) or Generalized Least Squares (GLS). As we show below, this is equivalent to

choosing a set of rotations of the original test asset excess returns – or, equivalently, the excess

returns on a set of portfolios of test assets – while keeping constant the metric defined by the

identity matrix (OLS metric). This has significant implications for the interpretability of the

model’s results and for the accuracy of its pricing implications. Kandel and Stambaugh (1995),

for example, examine the implications of the choice of metric for the mean-variance location

of an index portfolio. They show that the GLS CS regression R2 is a measure of relative

efficiency resulting from a portfolio’s mean-variance location, unaffected by the repackaging of

individual assets. Conversely, they observe that the OLS CS regression R2 is unrelated to the

mean-variance location of an inefficient portfolio. Lewellen et al. (2010) criticize the use of OLS

in the second-pass regression, noting that a model can achieve a good fit even if the sensitivities

to the observed factors are small or zero. They also critique the low benchmark commonly

used in the literature to declare success in evaluating asset pricing models. This critique is

particularly focused on the high CS R2-s often celebrated when explaining average returns

on the Fama and French’s (Fama and French (1993), FF) 25 size-B/M portfolios. Lewellen

et al. (2010) emphasize that these portfolios inherently have a strong factor structure, where
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the FF factors alone explain a significant portion of the variation in FF portfolio returns –

more than 90% of the TS variation in returns and over 80% of the CS variation in average

returns. Consequently, achieving a high CS R2 with other models becomes less challenging, as

loadings on almost any proposed factor are likely to align with expected returns. Essentially,

a factor only needs to be weakly correlated with SMB or HML, and not with the idiosyncratic

components of the FF portfolio returns. Thus, if test asset returns possess a strong inherent

factor structure, then even factor portfolios with zero mean returns can produce high values in

unrestricted CS regressions. They analyze various models and find that, after expanding the

universe of test assets, using GLS, and performing explicit inference on the CS R2-s, none of

the models performs well.

Kleibergen and Zhan (2015) delve deeper into the issues surrounding the use of weak fac-

tors, deriving expressions for the large sample distributions of both OLS and GLS R2 when

the betas of observed factors are small and possibly zero. They highlight the problem of un-

explained factor structures in the first-pass residuals, leading to significant estimation errors

in the estimated betas. These errors are often spanned by the unobserved true factors’ betas

when there’s minimal correlation between the observed proxy factors and the true factors.

This correlation produces large OLS R2-s in the second-pass regression, misleadingly suggest-

ing effectiveness. Kan et al. (2013) contribute to this discussion by comparing OLS and GLS

from different perspectives. They argue that the OLS metric is the more relevant when the

investigator focuses on explaining expected excess returns for a specific set of assets or test

portfolios. In contrast, the GLS R2 is more relevant when the investigator cares about the

investment implications of a factor model. The core of their paper, however, lies in an econo-

metric model comparison based on R2 in an excess returns specification, with the zero-beta

rate either unconstrained or constrained to equal the risk-free rate. Their work includes de-

riving asymptotic tests for multiple model comparisons, evaluating the joint hypothesis that

a given model outperforms a set of alternatives in terms of CS R2. Furthermore, Kan et al.
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(2013) address another critical question – does a particular factor in a multifactor model make

an incremental contribution to the model’s overall explanatory power, considering the pres-

ence of other factors? They argue that one cannot answer this question merely by examining

the usual risk premium coefficients resulting from a CS regression of average excess returns

on the multiple regression betas. Instead, they propose an approach that uses CS relations

with simple regression betas (or, equivalently, asset covariances with the factors) as explana-

tory variables. This approach aims to determine whether the corresponding coefficient differs

significantly from zero.

Our factorization of the CS R-squared provides a unifying perspective on the results sur-

veyed above. The useless factor scenario of Kan and Zhang (1999b) corresponds to the limiting

case in which the TS fit component of the factorization in equation (2) converges to zero: if

the factor is uncorrelated with the test asset returns, the first term in Equation 2 vanishes

regardless of the estimated risk premium. The spurious and weak factor problems of Bryz-

galova (2015) and Kleibergen and Zhan (2015), by contrast, are better understood through

relative Sharpe ratio component: small but nonzero betas can generate high Sharpe ratios in

finite samples, inflating this term even when the TS fit component is negligible. Finally, the

critique of Lewellen et al. (2010) is essentially a statement about the TS fit component: when

test assets have a strong inherent factor structure, the first term in our factorization is high

for almost any correlated factor.

The previous papers analyze the problem of misspecification and the choice of weighting

matrices in second-pass regressions. However, they are agnostic on the rationale for using

multiple factors in addition to the Market factor. MacKinlay (1995) considers the inclusion of

multiple factors to differentiate the violations of the CAPM null into risk-based and non-risk-

based alternatives.

For the risk-based category, the zero-intercept test statistic measuring whether the deviation
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from the CAPM – i.e., the squared Sharpe ratio of an optimal portfolio of market-hedged

positions in the test assets, the optimal orthogonal portfolio (OOP) – being statistically different

from zero is either due to i) missing risk factors or ii) the misidentification of the market factor.

The non-risk-based alternative includes i) biases introduced by the empirical methodology, ii)

illiquidity and other market frictions, or iii) behavioral explanations. This differentiation has

implications for the maximum squared SR of the tangency portfolio of test assets and the

zero-intercept test statistic. For the risk-based alternatives, both the maximum squared SR

and the zero-intercept test statistic are bounded, whereas for the non-risk-based alternatives,

the maximum squared SR and the zero-intercept statistic are less useful and can, in principle,

be unbounded.

The main implications of the analysis of MacKinlay (1995) are two. First, in the context of

risk-based asset pricing models, it is difficult to distinguish between competing models using

the zero-intercept test because the prior distributions of the CAPM deviation under the null

and under the alternative overlap substantially. Second, suppose the goal is to compare a risk-

based pricing model with a non-risk-based alternative. In that case, the zero-intercept test can

be instrumental, as the distributions of the test statistic for these alternatives overlap little.

MacKinlay (1995) suggests that deviations from the CAPM are more likely to be related

to non-risk-based alternatives than risk-based ones, and that reduced-form models like the

Fama-French three-factor model tend to include factors that behave like the OOP returns,

independent of the “economic” explanation for the CAPM deviations.

None of the previous papers directly expresses the relation between the TS fit in the first

pass of the Fama-MacBeth methodology and the CS fit in the second pass. While the second-

pass regression focuses on the relation between loadings (betas) and mean returns, the first

pass focuses on the role of factors in explaining the second moment of returns. It points out

that a genuine factor must be related to the covariance matrix of returns, priced in the cross-

section of returns, and yield an SR consistent with risk pricing. Related to the first condition,
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Moskowitz (2003) examines the link between well-known factors and the covariance structure

of returns. In particular, he finds that while the size factor has a strong relation to covariance

risk, i.e., it is systematic, the value and momentum factors have, respectively, a weak and

negligible relation with it.

Lettau and Pelger (2020) propose an alternative estimator, the risk-premium PCA (RP-

PCA), to identify factors that simultaneously explain the TS and cross-section of stock returns.

This estimator is an alternative to standard PCA, integrating the information in the first and

second moments of the data. Essentially, it is PCA with an additional penalty term that

corrects for CS pricing errors. The goal is to find an estimator that can explain both the

comovements in asset returns and the cross-section of expected returns. Lettau and Pelger

(2020) argue that RP-PCA can identify both “weak” and “strong” factors. Weak factors are

those that exhibit high Sharpe Ratios but are harder to detect with standard PCA since they

affect only a subset of assets. In contrast, “strong” factors, such as the Market factor, influence

a broader range of asset returns.

II The link between TS and CS fit

II.A Preliminaries

Consider a vector of N asset returns in excess of the risk-free rate, r̃t, with mean ¯̃µ and

covariance matrix Σ̃. To allow for different weighting schemes in the second-pass CSR, we

introduce the matrix W = H⊤H, a positive definite symmetric square matrix that defines the

“metric” of the fit of the model. We denote with rt the “test asset” excess returns, rt ≡ Hr̃t,

which correspond to the excess returns on portfolios of the original test assets, where the nth

row of the H matrix, hn, is a vector of portfolio weights associated with the risky assets..

Consider now a single factor ft, with corresponding N × 1 vector of estimated factor betas,

15



β̂ from the single-index model:

rt = â+ β̂ft + ε̂t. (5)

The factor can be either traded or nontraded. If it is traded, it can be included in the set

of test asset returns. Note that the single factor ft captures all the pricing properties of the

asset pricing model. Indeed, we can construct a single-factor model that captures the pricing

implications of several factors at once; see Section II.D below.

We estimate the premium on the factor, and we evaluate the performance of the asset

pricing model by regressing the N test assets’ sample risk premia, µ̄ ≡ Ê(rt), on the estimated

factor betas β̂. The regression of test asset average excess returns on the estimated betas is

µ̄ = β̂λ̂+ α̂, (6)

where

λ̂ = (β̂⊤β̂)−1β̂⊤µ̄ (7)

α̂ = µ̄− β̂λ̂. (8)

We denote the quantity

R̂2
CS ≡ 1− α̂⊤α̂

µ̄⊤µ̄
(9)

as the CS or second-pass R2. Note that we standardize the sum of squared alphas by µ̄⊤µ̄,

not by (µ̄ − µ̄CSιN)
⊤(µ̄ − µ̄CSιN).

10 There are a few reasons for this choice. First, the CSRs

considered above do not include an intercept (see discussion below). As a result, the second

standardization may yield negative R2-s, which are hard to interpret. Second, the CS R2

statistic is meant to capture the additional explanatory power of a model, relative to the

simplest possible model of the dependent variable. In CSR-based tests, one can argue that

10µ̄CS is the cross-sectional mean of expected returns and ιN a N -vector of ones.
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the simplest model is one in which all risk premia are zero, rather than being equal to the

average value. Finally, in the GLS case, our factorization highlights a term that depends on

the average squared SR of the test asset returns. This result would not hold if we used the

second standardization.

We also consider zero-beta versions of the asset pricing models. In this case, the implication

of the model is (see, for example, Black et al., 1972, for a zero-beta version of the CAPM):

µ̄ = λ̂0ιN + β̂[Ê(ft)− λ̂0] + α̂, (10)

where λ̂0 is the estimate of the differential between the zero-beta rate and the observed risk-free

rate. Imposing λ̂ = Ê(ft), we have:

µ̄ = (ιN − β̂)λ̂0 + β̂λ̂+ α̂. (11)

In this case, we obtain estimates of λ0 and λ by running a CSR regression of µ̄ on [ιN − β̂, β̂].11

II.B CS R2

We focus on the CS R2 statistic because it is an intuitive and readily available measure of

the performance of an asset pricing model. Whereas any model, being an approximation, will

be rejected if subjected to close enough scrutiny, the CS R2 can tell us whether a model,

while formally rejected, is still useful in explaining the CS of sample risk premia. Moreover,

the CS R2 has a direct link to other well-known statistics, such as the Gibbons-Ross-Shanken

F-statistic (Gibbons et al. (1989), GRS) and the Hansen-Jagannathan distance (Hansen and

Jagannathan (1997), HJD).

Notice, however, that the point estimates for this measure of fit depend on the choice of

metric in which the residuals of the CSR are evaluated; i.e., they rely on the choice of rotation

11Note that an alternative to equation (11) is µ̄ = ιN γ̂ + β̂λ̂ + α̂, which leads to a CSR with intercept.
What differentiates this formulation of the zero-beta CAPM is that we are not imposing the restriction ιN γ̂ =
(ιN − β̂)λ̂0. Finally, note that this restriction can be tested while estimating the unrestricted version of the
model. This is, for example, the approach of Gibbons (1982).
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of the original test asset returns r̃t via the H matrix. We focus on three cases:

1. W = IN : This corresponds to an OLS-style CSR of the original average excess returns

on the betas.

2. W = Ŝ−1, where Ŝ = diag( ˆ̃Σ) is a diagonal matrix with the same diagonal terms as ˆ̃Σ:

This corresponds to a weighted-least-squares (WLS) CSR of the original average excess

returns with respect to the betas. The λ parameter is chosen to fit the test assets’ cross-

section of SRs. The rationale for this choice is that when we take excess returns on the

test assets, the positions’ leverage is arbitrary.

3. W = ˆ̃Σ−1: This corresponds to a GLS-style CSR of the original average excess returns

on the betas. In the empirical analysis, we use the eigendecomposition of ˆ̃Σ−1, and our

rotated returns are rt = Ĥr̃t = Λ̂− 1
2 Â⊤r̃t, where Â is the orthonormal matrix with the

normalized eigenvectors of ˆ̃Σ as columns and Λ̂− 1
2 is the diagonal matrix with the square

roots of the reciprocals of the eigenvalues Λ̂ of ˆ̃Σ on the diagonal.12 Therefore, rt are the

standardized (unit-variance) PCs of r̃t.
13

The estimate λ̂ corresponds to the sample risk premium on a minimum-Euclidean-norm,

unit-beta factor mimicking portfolio; i.e., a vector of N × 1 portfolio weights w that minimizes

w⊤w, subject to the constraint w⊤β̂ = 1. In the case of a traded factor, the factor may not be

priced exactly – i.e., Ê(f) may differ from λ̂ – but the unit-beta mimicking portfolio is priced

correctly by construction; i.e., w⊤α̂ = (β̂⊤β̂)−1β̂⊤α̂ = 0, as the vector α̂ coincides with the

12Results of the R̂2
CS factorization for a Cholesky decomposition of ˆ̃Σ are identical, even though test asset

returns – in this case, the Cholesky factors – differ from the PCs of asset returns.
13Also note that the GLS case where W = ˆ̃Σ−1

εε leads to the same estimate of λ as in the case where W = Σ̂−1,
but the CS R̂2 equals

R̂2
CS = 1−

ˆ̃α⊤Σ̂−1
ε̃ε̃

ˆ̃α

¯̃µ⊤Σ̂−1
ε̃ε̃

¯̃µ
, (12)

where ˆ̃α⊤Σ̂−1
ε̃ε̃

ˆ̃α is the Wu term in the F-statistic of Gibbons et al. (1989).
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vector of residuals of a regression of the test assets’ average excess returns on the factor betas

(see above).

Also note that in the last case, the test asset excess returns are orthonormal; i.e., ˆ̃Σ = IN .

Hence, if we consider the eigendecomposition of ˆ̃Σ, our exercise tests an asset pricing model

on the PCs of the test assets’ excess returns. Finally, in this case, µ̄⊤µ̄ equals the squared SR

of the tangency portfolio of the test assets, whereas

α̂⊤α̂ = ˆHJD
2
, (13)

where ˆHJD denotes the Hansen and Jagannathan (1997) distance measure. Hence, the CS

R̂2 equals

R̂2
CS = 1−

ˆHJD
2

ŜR
2

T

, (14)

where ŜRT is the estimated SR of the tangency portfolio of the test assets.

II.C CS and TS fit

We now proceed to derive an explicit link between the CS and TS explanatory power of the

factor model. The derivation follows the analysis of MacKinlay (1995), with the difference that

our focus is on the CS explanatory power of the candidate factor model, whereas MacKinlay

(1995) focuses on the TS explanatory power of the missing factor(s), as captured by the returns

on the Optimal Orthogonal Portfolio (OOP).

Proposition II.1 We can write R̂2
CS as

R̂2
CS =

Ave(σ̂2
n)− Ave(σ̂2

εn)

Ave(µ̄2
n)

λ̂2
f

σ̂2
f

=

[
1−

Ave(σ̂2
εn)

Ave(σ̂2
n)

]
λ̂2/σ̂2

f

Ave(µ̄2
n)/Ave(σ̂

2
n)
. (15)
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Proof Let µ̂ = β̂λ̂ denote the “predicted” component of test assets’ risk premia as per the

asset pricing model. We have:

µ̂µ̂⊤ = β̂β̂⊤λ̂2. (16)

From the single-factor model in equation (5), we also have:

Σ̂ = β̂β̂⊤σ̂2
f + Σ̂εε. (17)

Combining equations (16) and (17) above, and rearranging, we have:

µ̂µ̂⊤ = (Σ̂− Σ̂εε)
λ̂2

σ̂2
f

. (18)

Taking the trace of both sides of equation (18) above and dividing by µ̄⊤µ̄, we have the result

in (15).

Equation (15) is the main analytical result of this paper, providing a link between the CS

and TS fits of an asset pricing model. A set of univariate factor betas explains the cross-section

of average excess returns if: i) the factor is systematic, on average, as measured by the average

R̂2
TS term, TSR2,

TSR2 ≡ 1−
Ave(σ̂2

εn)

Ave(σ̂2
n)

; (19)

and if ii) the factor is priced relative to the test assets, as measured by the relative squared SR

term, RSR,

RSR ≡
λ̂2/σ̂2

f

Ave(µ̄2
n)/Ave(σ̂

2
n)
. (20)

In the case of a “useless” factor model (β = 0), the test assets’ beta estimates, β̂, and the

TSR2 term in equation (19) above converge to zero in probability. Also, note that the relevant

betas for the TSR2 term are those of a set of N univariate regressions of average excess returns

on the model’s factor, f̂t.
14

14The reason for the “hat” is that the factor may need to be estimated from return and macro data.

20



Note that the trace of a symmetric matrix, such as a covariance matrix, equals the sum of

its eigenvalues. Therefore, the quantity in equation (19) above corresponds to the pseudo-R2

in Kleibergen and Zhan (2015). Below, we specialize the result to the WLS and GLS cases.

Proposition II.2 In the WLS case, we have (σ̂2
n = 1,∀n):

R̂2
CS = Ave(R̂2

TSn
)
λ̂2/σ̂2

f

Ave(µ̄2
n)
, (21)

where R̂2
TSn

is the R̂2
TS of the single-index model for the nth excess return.

Proposition II.3 In the GLS case, we have:

R̂2
CS = Ave(R̂2

TSn
)
λ̂2/σ̂2

f

SR2
T/N

. (22)

Proposition II.4 In the GLS case, when the factors are included in the test assets, we have

1−
Ave(σ̂2

εn)

Ave(σ̂2
n)

=
K

N +K
. (23)

Proof Let’s consider a multifactor model where the dependent variables are the PCs of the

N+K test assets returns and factors, zt = Hz̃t where z̃t = [r̃t, ft]
⊤ andH is a (N+K)×(N+K)

rotation matrix. We can represent the factor ft as a rotation of z̃t, ft = Bz̃t where B is a

K × (N +K) matrix of coefficients. Therefore,

zt = â+ β̂Bz̃t + ε̂t (24)

where β̂ = cov(Hz̃t, Bz̃t)(B
ˆ̃ΣB⊤)−1 = H ˆ̃ΣB⊤(B ˆ̃ΣB⊤)−1. Here ˆ̃Σ is the covariance matrix of

z̃t. The explained variance of the model is

Σ̂− Σ̂εε = β̂B ˆ̃ΣB⊤β̂⊤. (25)

Taking traces of both sides and remembering that Σ̂ = H ˆ̃ΣH⊤ we have

tr(H ˆ̃ΣH⊤)− tr(Σ̂εε) = tr(β̂B ˆ̃ΣB⊤β̂⊤). (26)
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Using the cyclic property of traces, plugging in the expression of β̂ in the right side, and

remembering that ˆ̃Σ−1 = H⊤H in the GLS case, the expression simplifies to

(N +K)− tr(Σ̂εε) = K. (27)

Finally, dividing both sides by (N + K) and remembering that Ave(σ̂2
n) = 1, we obtain the

result.

Proposition II.5 In the GLS case, when the factors are rotations of test asset returns, we

have

1−
Ave(σ̂2

εn)

Ave(σ̂2
n)

=
K

N
. (28)

Proof This proof follows the same reasoning as the previous one. However, in this case, the

dependent variables are the PCs of the N test assets returns, rt = Hr̃t, where H is an N ×N

matrix, and the factors are a linear combination of the raw returns ft = Br̃t, where B is a

K ×N coefficient matrix. Therefore, we substitute (N +K) with N in the last step.

Proposition II.5 includes all the cases where the factors are a linear combination of the

returns. For example, this is true when the factors are the PCs of the test asset returns. It

also applies when mimicking portfolio returns of nontraded factors are used as factors, since

these portfolio returns are the variable component of a linear projection of the nontraded

factors on the excess returns (Balduzzi and Robotti, 2008).

Proposition II.6 In the GLS case, given K factors, the maximum R̂2
TS attainable is

1−
Ave(σ̂2

εn)

Ave(σ̂2
n)

=
K

N
. (29)

Proof In the GLS case, the dependent variables are the PCs of the test asset returns. Since

the PCs are uncorrelated with each other, if we have K factors, the best we can do is to
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explain the TS variability of K PCs perfectly. The K factors that maximize the TS fit are

linear combinations of K PCs and, therefore, they are uncorrelated with the other N−K PCs.

This implies that the maximum TS R2 attainable is K/N .

Table 1 collects the results of the propositions above. The general formula in Proposition

II.1 applies for any rotation of test asset returns and any set of factors, while to other rows

specilize these results to the WLS and GLS regressions and different test assets.

II.D Nontraded factors and multiple factors

If the factor is not traded, it can be replaced with (the variable component of) its projection

on the augmented span of test assets’ excess returns. In this case, the factor is replaced by a

linear combination of the test assets’ excess returns. Hence, the factor is effectively included

in the test assets.

Proposition II.7 If there are K traded factors, then the multiple factors can be replaced with

the single excess return on the tangency portfolio of the factor assets, the Optimal Factor

Portfolio (OFP):15

f ⋆
t = f⊤

t Σ̂
−1
ff λ̂, (30)

where λ̂ = (β̂⊤β̂)−1β̂⊤µ̄ is now a K × 1 vector of average excess returns on unit-beta factor-

mimicking portfolios.

The betas w.r.t. the OFP returns are given by:

β̂⋆ = Σ̂rf⋆

1

σ̂2
f⋆

. (31)

We have

Σ̂rf⋆ = Σ̂rf Σ̂
−1
ff λ̂ (32)

15For nontraded factors, we first project the factors on the test assets’ excess returns, then construct the
tangency portfolio.
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and

σ̂2
f⋆ = λ̂⊤Σ̂−1

ff λ̂, (33)

which leads to

β̂⋆ =
1

λ̂⊤Σ̂−1
ff λ̂

Σ̂rf Σ̂
−1
ff λ̂ =

1

λ̂⊤Σ̂−1
ff λ̂

β̂λ̂. (34)

The CS estimate of the factor risk premium is given by

λ̂⋆ = [(β̂⋆)⊤β̂⋆]−1(β̂⋆)⊤µ̄

= λ̂⊤Σ̂−1
ff λ̂

= σ̂2
f⋆ . (35)

The component of test assets risk premia explained by the single-factor model is β̂⋆λ̂⋆, which,

based on equation (35) and (34), equals β̂λ̂. This is the same component of the risk premia

jointly explained by the original set of factors ft.

One feature worth noting is that the properties of OFP returns may differ significantly

from those of the individual factors in ft. For example, assume that ft includes two factors,

which, in turn, are primarily driven by a third factor ht. In constructing the OFP, the portfolio

optimizer will use the covariance between f1t and f2t to hedge away the common systematic

risk. If the test asset returns also have a factor structure, driven by ht, their returns will not

be correlated with the OFP returns. The composition of the OFP is the reason why adding

factors may reduce the explanatory power of the OFP return; see Green and Hollifield (1992).

In the next section, we provide an economic justification for our focus on the OFP returns

in terms of the properties of a candidate pricing kernel.

II.E Relation to pricing kernel representation

Given the normalized candidate pricing kernel q̂t (E(q̂t) = 1), we have:

α̂ = E(q̂trt) (36)
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where

q̂t = 1− b̂(ft − µ̄f ). (37)

Hence, we have

α̂ = µ̄− Σ̂rf b̂ (38)

and

b̂ = (Σ̂frΣ̂rf )
−1Σ̂frµ̄

=
λ̂

σ̂2
f

, (39)

where b̂ is the coefficient of a CSR of the test asset risk premia µ̄ on the covariances between

asset returns and the factor. In the case of multiple factors, we have:

b̂ = Σ̂−1
ff λ̂ (40)

and

q̂t = 1 + b̂⊤µ̄f − f ⋆
t . (41)

The same factorization of CS R2s arises in this context as in the case of beta models. We

have:

µ̂µ̂⊤ = Σ̂rf b̂b̂
⊤Σ̂fr

= Σ̂rf⋆Σ̂f⋆r. (42)

From the factor model

rt = â+ β̂q q̂t + ε̂t (43)

where β̂q = −Σ̂rf⋆
1

σ̂2
f⋆

16, we have

Σ̂ = Σ̂rf⋆Σ̂f⋆r
1

σ̂2
f⋆

+ Σ̂εε. (44)

16Note from equation (41) that Cov(rt, q̂t) = −Σ̂rf⋆ and V ar(q̂t) = σ̂2
f⋆
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Combining equations (42) and (44), and noting from equation (35) that σ̂2
f⋆ = λ̂⋆2/σ̂2

f⋆ ,we

have:

µ̂µ̂⊤ = (Σ̂− Σ̂εε)
λ̂⋆2

σ̂2
f⋆

, (45)

which is the same as (18). Also note that the TS fit of a single-index model with the OFP’s

excess return as the factor is the same as the TS fit of a TS regression of excess returns on the

estimated pricing kernel.

III Bootstrap

As documented by Lewellen et al. (2010) and Kan et al. (2013), even very high CS R-squares

may still lead to the rejection of an asset pricing model. Hence, we conduct a bootstrap exercise

to implement our inference.

We consider bootstrap inference under three nulls and under the alternative. In all cases, we

bootstrap blocks of m monthly observations to account for serial correlation and ARCH effects.

We generate bootstrap samples of raw excess returns using the estimates that correspond to

a given choice of W : i.e., we use the OLS estimates to generate bootstrap samples on which

we perform the estimation; and we use the GLS estimates to generate bootstrap samples on

which we perform the estimation.17

We consider the following nulls:

• Null 1, unpriced factor (λ = 0): the factor is not priced. Under this null hypothesis, to

generate bootstrap samples for inference, we first demean the raw returns and the factors

and add α̃ = Ĥ−1α̂ to the raw returns. Adjusted returns are denoted as r̃a = {r̃a1 , . . . , r̃aT},

where r̃at = r̃t − Ê(r̃t) + α̃ is a N × 1 vector. Similarly, adjusted factors are denoted as

fa = {fa
1 , . . . , f

a
T}, where fa

t = ft − Ê(ft) is a K × 1 vector. Bootstrap samples r̃a,b

17WLS results closely follow those in the OLS case.
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and fa,b are then drawn jointly, using overlapping blocks of length m, from r̃a and fa

for b = 1, . . . , B replications (note that Ĥ and α̂ are held constant across all bootstrap

samples).

• Null 2, the model holds (α = 0): the factor prices expected excess returns exactly.

Under this null hypothesis, to generate bootstrap samples for inference, we first de-mean

the raw returns and the factors and add ˆ̃βλ̂ = Ĥ−1β̂λ̂ to the raw returns and λ̂ to the

factors. Adjusted returns are denoted as r̃a = {r̃a1 , . . . , r̃aT}, where r̃at = r̃t − E(r̃t) + ˆ̃βλ̂

is a N × 1 vector. Similarly, adjusted factors are denoted as fa = {fa
1 , . . . , f

a
T}, where

fa
t = ft − E(ft) + λ̂ is a K × 1 vector. Bootstrap samples r̃a,b and fa,b are then drawn

jointly, using overlapping blocks of length m, from r̃a and fa for b = 1, . . . , B replications

(note that Ĥ, β̂, and λ̂ are constant across bootstrap samples).

• Null 3, useless factor (β = 0): the factor is priced (λ = λ̂) but does not explain

excess returns. Bootstrap samples r̃b and f b are drawn with replacement blocks of m

observations from r̃ = {r̃1, . . . , r̃T} and f = {f1, . . . , fT}. The returns and factors series

are drawn independently for each sample.

• Alternative: the factor is priced (λ = λ̂), but it does not price excess returns exactly

(α = α̂). Bootstrap samples r̃b and f b are drawn with replacement blocks of m obser-

vations from r̃ = {r̃1, . . . , r̃T} and f = {f1, . . . , fT}. The returns and factor series are

jointly drawn for each sample.

Given a vector of bootstrap raw returns r̃bt , we then recover the bootstrap returns rbt by

performing the rotation rbt = Ĥbr̃bt (note that Ĥb is estimated based on the bootstrap sample

of raw returns and changes with the bootstrap sample.)

We use a percentile-t (studentized) bootstrap to form critical values. For each bootstrap

27



draw b, we compute the pivot

T b
M =

M̂ b −M0

ŜE
b

R2
CS

, (46)

where M̂ b is the bootstrap estimate of metricM ∈ {R̂2
CS,TSR2,RSR}, M0 is its null value, and

ŜE
b

R2
CS

is the asymptotic Newey–West standard error of R̂2
CS re-estimated on the bootstrap

draw. We use the standard error of R̂2
CS as a common normalizer across all three metrics,

because no closed-form asymptotic standard error exists for TSR2 and RSR individually. The

critical values reported in the appendix tables are ĉp = M0 + prctileb(T
b
M , p)× ŜER2

CS
, where

ŜER2
CS

is the standard error on the original sample. Expressing the M0 shift explicitly places

all critical values on the absolute scale of the metric, so they are directly comparable to the

point estimate regardless of the null. Under H0 : λ = 0 and H0 : β = 0 the null value is M0 = 0

and the test is upper-tailed. Under H0 : α = 0 the null value is M0 = 1 (a correct model implies

R̂2
CS = 1) and the test is lower-tailed.

Not all three nulls yield a well-defined null value for every metric. For R̂2
CS the null value

is zero under H0 : λ = 0 and H0 : β = 0, and one under H0 : α = 0, so we report bootstrap

inference for all three nulls. For the TSR2 component, the null value is zero only under

H0 : β = 0: a factor with zero betas explains none of the cross-sectional variation in expected

returns, so TSR2 = 0 by construction; under H0 : λ = 0 or H0 : α = 0 no analytic null is

available, so we report inference for TSR2 only under H0 : β = 0. For the RSR component,

the null value is zero only under H0 : λ = 0: RSR collapses to zero when the risk premium is

zero; under H0 : β = 0 the RSR is unstable – as β̂ → 0 the second-pass estimate λ̂ diverges,

consistent with Kan and Zhang (1999b) – and under H0 : α = 0 the individual null values

of TSR2 and RSR are not separately identified, so we report inference for RSR only under

H0 : λ = 0.
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IV Data

In this study, we use as test assets the well-documented 25 size-B/M portfolios along with 30

industry portfolios, sourced from the Kenneth R. French data library. Lewellen et al. (2010)

point out that considering only the 25 size-B/M portfolios as test assets is a low hurdle to

meet in claiming success, given the strong factor structure of these portfolios. For this reason,

following their advice, we include the 30 industry portfolios in the test assets.18 We also extend

the study by incorporating additional test assets: the 25 portfolios formed monthly on Size and

Momentum, 25 portfolios formed on Size and Operating Profitability, and 25 portfolios formed

on Size and Investment, also sourced from the French data library. The factors that we use

in this analysis are the Fama and French (2015) five factors—the excess return of the Market

(Mkt.Rf), Size (SMB: small-minus-big), Value (HML: high-minus-low), Profitability (RMW:

robust-minus-weak), and Investment (CMA: conservative-minus-aggressive)—along with Mo-

mentum (UMD: up-minus-down). Our sample period spans from July 1963, marking the

beginning of the available data for the six factors in the Kenneth R. French database, through

December 2022, providing nearly six decades of financial data.

We also analyze the case of nontraded factors, focusing on the conditional CAPM (C-

LAB) by Jagannathan and Wang (1996), the unconditional consumption model (CG), and

the conditional version of the consumption CAPM by Lettau and Ludvigson (2001) (CC-

CAY). The Growth rate in per capita labor income (LAB) is from the Andriollo et al. (2024)

database, the lagged yield spread between Baa- and Aaa-rated corporate bonds (Baa–Aaa),

and the growth rate in real per capita nondurable consumption (seasonally adjusted at annual

rates) (CG) is from the Federal Reserve Economic Data. The consumption-wealth ratio factor

is from Lettau’s site (CAY). The data spans from July 1963 through September 2019, the last

18Readers interested in the descriptive statistics of these test assets can find the means and standard devia-
tions of the monthly returns in the Appendix, available upon request.
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available data for the cay factor.19 Following Balduzzi and Robotti (2008), we work with the

mimicking portfolios of the nontraded factors.

V Results

We apply our factorization to the OLS and GLS cases, using both traded and nontraded

factors, as well as the first six PCs of the test asset returns. When using the traded factors,

we also examine how asset pricing model estimates change when factors and characteristic-

based portfolio returns are included in the test assets. In doing this, we follow the approach

prescription suggested in Lewellen et al. (2010), according to which a proposed factor, when

it is a traded portfolio, should be included as one of the test assets. The issue is relevant for

GLS regressions, as this case forces the regression to price the asset perfectly (the estimated

risk premium matches the expected value of the factor); see Lewellen et al. (2010) and Kan

et al. (2013).

We also analyze the in-sample behavior of R2
CS over time using a moving-window approach

with a 20-year (240-month) window. We chose a 20-year window due to the large number

of test assets (55), which necessitates a sufficiently long estimation period. The earliest data

available with this moving window length are from June 1983.

The following sections comment on OLS and GLS estimations, as the WLS results closely

follow those in the OLS case.20

19Following Vissing-Jørgensen and Attanasio (2003), Kan et al. (2013) and Andriollo et al. (2024), we linearly
interpolate the quarterly values of cay and the growth rate in real per capita nondurable consumption to permit
analysis at the monthly frequency.

20WLS differs in the case of the first PCs of returns, where the TS fit is not monotonically decreasing for the
PCs, and where not only the first PC (which was already high in the OLS case), but also some of the other
PCs show a high RSR, leading to relatively high R2

CS values compared to the OLS case. In the Appendix, we
show the results and plot the isocurves for the WLS case.
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V.A Traded factors

V.A.1 OLS

R2
CS factorization

Table 2 reports results of R̂2
CS estimation and bootstrap inference under the three nulls

α = 0, β = 0, λ = 0, while in Table 3 and 4 we show results for the two components of our fac-

torization. The root mean squared error (RMSE), computed through our bootstrap procedure

under the alternative hypothesis, highlights variability in the bias and precision of the CS R2

estimates. For example, the R̂2
CS for the Market factor is 0.9158 with an RMSE of 0.1232; in

contrast, for the Value factor, the R̂2
CS is 0.0671 and the RMSE is 0.0998. This variability in

the estimation accuracy is due to the pricing component (RSR) of our factorization, as the TS

Fit component (TSR2) is generally estimated with greater precision.

The CS R2 estimates are high for almost all one-factor models (except for Value) and for

the multifactor models. This is consistent with the findings of Lewellen et al. (2010) and

Kleibergen and Zhan (2015), who note that OLS R̂2
CS can be high even when the factors are

not systematic in the first pass of the Fama-MacBeth regression, or in the terminology of our

paper, when the TS Fit is close to zero. This is especially true for nontraded factors, which

we discuss in the next section, but even for traded factors, we observe low-pervasiveness high-

profitability pairings; see Figure 1. For instance, with the Momentum factor, although the TS

Fit is close to zero (0.0375 with an RMSE of 0.0199), the factor still exhibits a relatively high

R̂2
CS (0.8218 with an RMSE of 0.1755) because of the high pricing component of the factor

(the RSR is 21.8900).

When the pricing factors are added to the test assets, Momentum becomes slightly more

systematic (TSR2 is 0.0458, with an RMSE of 0.0202). The risk premium (reported in Table 5)

moves closer to the expected value (though the gap remains substantial, at 1.7302 vs 0.6393),

resulting in a lower RSR (12.5572). Overall, the decrease in the pricing component has a
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greater impact than the increase in the TS fit, leading R̂2
CS to decline.

We observe the same pattern for all other factors, except for the Market. In this case,

including the factor in the test assets does not change the results. Market has in fact, a

different nature, being systematic (the TSR2 is 0.6317) with the lowest value of the pricing

component (the RSR is 1.4486) and showing low mispricing (the difference between the risk

premium and the expected value is not substantial; see Table 5).

Moving to multiple factors, the R̂2
CS improves relative to the Market. Our factorization

provides a clinical understanding of the reasons underlying this improvement. Multiple factors,

combined as OFPs, are less systematic and exhibit higher pricing components. While the FF3

model still shows a high TSR2 (due to the Market contribution), the FF5 and FF6 models

display lower TSR2 with substantial RSR, because of the marginal contribution of Momen-

tum, which exhibits the highest SR component among all single factors. Interestingly, note

that OFPs tend to be correctly priced, as their risk premiums closely align with their expected

values. This is the first tension we document between the CAPM and the multifactor models,

which we attribute to the nature of factors. In more depth, the R̂2
CS can be high because the

factors are pervasive, as is the case for Market, or because they show a high pricing component

(RSR), as is the case for Momentum. Also, multifactor models in the form of OFPs, while con-

sistent with the kernel representation, reflect on extreme factor weights21, which lead factors

to work well in the cross section notwithstanding the low pervasiveness again because they act

together as near-arbitrage opportunities (high RSR); this is indeed the case of FF6.

Parameter inference

We now consider the bootstrap inference results under the three nulls α = 0, β = 0, λ = 0.

Tables 2, 3 and 4 denote whether the factors are priced (λ ̸= 0), useless (β = 0), and price

21Green and Hollifield (1992) show that this is due to the dominance of a single factor in the covariance
structure of returns.
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expected excess returns exactly (α = 0) at 5% level22. Based on the R̂2
CS distributions, we reject

the null hypothesis that factors are unpriced (λ = 0) except Value. However, we only reject

the null that the factor is useless (β = 0) for Market, Momentum, and multiple-factor models.

For single and multifactor models, we cannot reject that the model holds (α = 0), unlike the

GLS case we discuss later, in which we do reject the null for multiple-factor models. Under the

null of useless factors, the confidence intervals for λ̂ (and λ̂/σ̂f ; see Appendix) are wider than

under the other hypotheses, implying higher values for the top percentiles of the squared-SR

ratio under the useless factors null. These high values are explained by the assumption that

the factors are useless, making the risk premiums in the second pass of the Fama-MacBeth

regression undefined. This is consistent with the findings of Kan and Zhang (1999b), who show

that as the estimated betas approach zero, the absolute value of the estimated risk premiums

must increase toward infinity, rather than decrease to zero, to explain the CS differences in

expected returns. Note that under the nulls H0 : α = 0 and H0 : λ = 0, the distribution of the

TS Fit component is the same.23

V.A.2 GLS

R2
CS Factorization

In the GLS case, the R̂2
CS estimates are low and less precise compared to the OLS case,

ranging from 0.0060 (the RMSE is 0.0132) for Robust-Minus-Weak (RMW), to 0.0568 (the

RMSE is 0.0285) for Market. Note that when using the OFPs, the R̂2
CS estimates improve.

22More results are in Appendix, in which we present the critical percentiles of the distributions of the CS
R-squares and their components.

23Under H0 : α = 0 and H0 : λ = 0, the distribution of the TS measure for each single factor is the
same. This is due to how we have built our bootstraps. Under H0 : α = 0 our bootstrapped returns are
rbt = [rt − E[rt] + βλ̂]b and the factors f b

t = [ft − E[ft] + λ̂]b, while under H0 : λ = 0 our bootstrapped returns
are rbt = [rt −E[rt] + α̂]b and the factors f b

t = [ft −E[ft]]b. In all these cases, var(rbt ), var(f
b
t ), and cov(rbt , f

b
t )

depend on the non-constant part of the value that is drawn from the original sample, and this is the same for
both hypotheses, since for both hypotheses the draws have the same seed. As a result, the bootstrapped betas
βb under the two hypotheses are the same, and also the variance-covariance matrix of the residuals is the same.

This is not true for the OFP because in this case the OFP f b∗
t = f b⊤

t Σ−1
fbfb λ̂b depends on the bootstrapped

factors and the bootstrapped lambdas that change with the hypothesis.
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For instance, the FF6, which includes the five Fama-French (FF) factors and Momentum,

increases R̂2
CS to 0.3206 and the RMSE to 0.1051. This is consistent with many studies (see,

e.g., Lewellen et al. (2010), Kan et al. (2013), and Kleibergen and Zhan (2015)) that document

low CS Fit values when using GLS.

As outlined in Proposition II.6, the value of the TS Fit is upper-bounded in the GLS case.

Table 3 and Figure 2 show a value of 0.0181 for Market, which is just below the theoretical

maximum of K/N = 1/55 = 0.0182, with K the number of factors and N the number of test

assets.24 We also recall that when the factors are included in the test assets, Proposition 23

asserts that the model TS Fit equals K/(N +K). This is precisely what we observe in Table

3.

It is clear that, in the GLS case, the CS Fit mainly depends on the RSR. As discussed,

the ratio reflects the risk-return trade-off of the model factor relative to that of the test assets

tangency portfolio (see Equation 3). Therefore, the GLS R̂2
CS reflects the factor proximity to

the minimum-variance boundary, as noted by Kandel and Stambaugh (1995)25 and emphasized

by Lewellen et al. (2010). The Market has the highest R̂2
CS, followed by Momentum, which

shows the highest RSR, while the Market ranks just after.

When factors are included in the test assets, the R̂2
CS and the RSR become interchangeable

measures of relative efficiency, in line with the prescription of Lewellen et al. (2010) about

the inclusion of traded factors within the test assets sample. When we do this, Momentum

has the highest RSR and, in turn, the highest R̂2
CS, followed by Investment and Profitability;

Market factor is ranked only fourth. multifactor models (OFPs) significantly improve the R̂2
CS

of single factors, as a result of the extreme portfolio weights in the tangency portfolio (Green

and Hollifield (1992)), which amplify the near-arbitrage opportunities of the factors (higher

24Note that the upper bounding applies also in the case of the OFPs, for which we are actually dealing with
a single factor, the tangency portfolio of factors.

25The authors argue that the goodness-of-fit measure for the GLS CS regression is the squared relative
efficiency of the index portfolio.
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RSR).

Figure 2 offers a graphical representation of our results. The three factors of the Fama-

French 3-factor model (FF3) share similar spanning and pricing properties. They explain, on

average, less than 2% of the TS variability in test assets’ returns and deliver a squared SR

of less than 0.02. As a result, their ability to explain the CS of test assets’ risk premia is

somewhat limited: the R̂2
CS is less than 6% for Market and even lower for Value (HML) and

Size (SMB). When these three factors are combined (OFP), the CS fit improves to about 12%,

keeping the TS Fit essentially unchanged. Investment (CMA) and Profitability (RMW) factors

explain less of the TS variability of test assets’ returns – slightly above 1% – than the three

FF factors and offer similar risk-return trade-offs. Therefore, the R̂2
CS is less than that of the

original three FF factors.

Moving to the five FF factors, the improvement in R̂2
CS is substantial, with a coefficient of

roughly 17%. Again, the reason for this improvement is mainly the increased RSR.

While Market is the pervasive factor by definition and is supported by our R2 factorization,

Momentum embodies the essence of a near-arbitrage opportunity. Researchers have recognized

Momentum as an independent factor. Ehsani and Linnainmaa (2022), by referring to Fama

and French (2016), observe that models including it tend to explain anything more than just

Momentum, while models without it are unable to explain such a factor. Our factorization

yields novel insights that help explain the source of the tension between the CAPM (Market)

and multifactor models (FF6). Specifically, when taken individually, Momentum is the least

systematic among the FF factors (the TS Fit component is 0.0068), although the CS fit is near

4%, slightly less than the Market; moreover, when including Momentum within the test assets

sample, the R̂2
CS for Momentum is the highest. In other words, while less systematic, this

factor can explain the cross-section of the test assets because of its high squared SR, especially

when included in the test assets. In this case, Momentum becomes the best individual factor
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model among all six FF factors.

Finally, when combined with the other five factors, Momentum raises the CS’s explana-

tory power to 32%. The R̂2
CS improvement driven by the increase in the squared SR through

Momentum is thus more substantial in the case of the OFP, which benefits from the extreme

weighting induced by the tangency portfolio. In this case, the balance between TSR2 and

RSR leans even more towards the pricing component, at the expense of the pervasiveness of

the OFP return; indeed, the TSR2 of FF6 is halved compared to that of FF5.

Parameter inference

Bootstrap inference results are pretty different from OLS. Factors are all/almost all priced

(λ ̸= 0) when included/not included in the assets (see Table 2), while we cannot reject the null,

they are useless (β = 0) except for FF6. The reason is attributable to the distribution of the

relative SR (Table 4), for which we cannot reject the hypothesis that single and multifactor

models are useless, except for FF5. The combined effect of the two R̂2
CS component distribu-

tions’ impact on the statistical significance of the β parameters. A plausible explanation of

this result connects to Kandel and Stambaugh (1995). The authors provide a link between

the index portfolio’s mean-variance location and the properties of the fitted GLS mean-beta

relation, showing that a slope coefficient of zero occurs only when the index portfolio’s mean

return equals that of the global minimum-variance portfolio. We can therefore presume that

the non-significantly different-from-zero betas for almost all single- and multifactor models are

because the same factors are close to being characterized as global minimum-variance portfo-

lios. Such a characterization may also affect the α = 0 null; we cannot reject for FF3, FF5,

and FF6. These are mean-variance optimal portfolios, and, as such, the variance is minimized

by construction, leading to strong rejection of the null.
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V.A.3 Discussion

[NOTE: Think about bias R2CS and bias of the components PB EMAIL:

- We should emphasize the fact that it is only in the OLS and WLS cases that

the TSR2 factor differs across models. - We should also emphasize that in the

GLS case the Kan bias applies to both optimal test asset portfolio (OTAP) and

OFP and it matters to the RSR factor depending on N and T. - In the other cases,

the Kan bias applies only to the OFP SR estimate. - In all cases, the Kan bias

applies to the TSR2 factor.)

These observations connect to two classical concerns in the cross-sectional as-

set pricing literature. Since a single-factor model with the OFP achieves the same

R̂2
CS as the corresponding K-factor model, our decomposition applies directly to

multifactor settings. Lewellen et al. (2010) show that OLS R̂2
CS on size-B/M port-

folios is mechanically high for any proposed factor correlated with the true pricing

factors—a concern that is structural rather than sampling-based, present even in

population. Our decomposition identifies two OLS channels through which this oc-

curs: TSR2 is high for any factor that co-moves with the dominant directions of the

test assets, and OLS leaves λ̂ unconstrained by the factor’s mean return, so RSR

is also inflated; both channels are addressed by GLS, which fixes TSR2 = K/N and,

when factors are included as test assets, forces λ̂ = µ̄f . This second constraint pro-

vides a direct link to the finite-sample concern of Kan et al. (2024): once λ̂ = µ̄OFP,

the numerator of RSR equals µ̄2
OFP/σ̂

2
OFP, i.e., the in-sample squared Sharpe ratio

of the OFP, which Kan et al. (2024) show is an upward-biased estimator of its pop-

ulation counterpart with bias growing in K and shrinking in T . The two concerns

are therefore distinct in nature – one structural, one finite-sample – and oper-

ate through different channels in the decomposition: Lewellen’s critique motivates
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GLS and the inclusion of factors as test assets precisely to suppress the inflated

TSR2 and unconstrained RSR of OLS, while Kan’s critique implies that even the

resulting GLS RSR overstates the true risk-return trade-off due to estimation risk

in the OFP Sharpe ratio. The decomposition also provides a practical diagnos-

tic for assessing the reliability of OLS R̂2
CS. TSR2 is a pure time-series quantity

that does not involve λ̂ and is therefore immune to the unconstrained OLS risk

premium estimation that drives the Lewellen concern. RSR, by contrast, contains

λ̂2/σ̂2
f , which OLS chooses freely to maximize R̂2

CS without theoretical constraints

on its value; a high RSR may therefore reflect optimization over λ̂ rather than

genuine pricing ability. An OLS R̂2
CS driven primarily by high TSR2 with RSR

close to one is accordingly more robust to the Lewellen critique – the Market fac-

tor being the leading example – whereas one driven primarily by a very high RSR

warrants skepticism regardless of the level of R̂2
CS. ]

V.B Nontraded factors and Principal Components

V.B.1 Nontraded factors

Tables 7, 8, and 9 present the results of our factorization for nontraded factors (Panel A).

The results of the TSR2 confirm the Proposition II.5, which states that factors that are linear

combinations of the returns have a TSR2 equal to K/N, where K is the number of factors and

N is the number of test assets. Hence, the individual factors with the highest R̂2
CS are those

with the highest RSR. In particular, cay is the best nontraded factor in terms of R̂2
CS because

of a relatively high RSR.

The bootstrap-based inference results show that single nontraded factors are priced/unpriced/useful,

depending on the OLS vs. GLS estimation technique. This is the case for Market and con-

sumption growth (CG), the consumption-wealth ratio (CAY), and per capita labor income

growth (LAB): useless with GLS, and unpriced and useless with OLS. However, their multi-
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variate version in the form of conditional CAPM models of Jagannathan and Wang (1996)

(C-LAB) and Lettau and Ludvigson (2001) (C-CAY), whose factors are combined as tangency

portfolios, are priced and not useless, but unable to price exactly the test assets (α values are

significantly different from 0).

V.B.2 Principal Components

The same tables 7, 8, and 9 presents the decomposition using the first six principal components

(PCs) of returns as factors (Panel B). We also construct the OFP with 3, 5, and 6 PCs to

compare with the FF3, FF5, and FF6 models. The choice to use the first PCs as factors

is motivated by the fact that a factor model with a small number of principal components

behaves like popular reduced-form factor models in the cross-section (c.f. Kozak et al. (2018)).

Since we use PCs, the TS fit of the PCs decreases monotonically, as the first PC captures

the most variation in returns, followed by the second, and so on. When we consider the OFPs

of these PCs, the TS fit is lower than that of the first PC. Notably, the highest RSR for a

single factor is also associated with the first PC, resulting in the highest R̂2
CS. The pricing

components of the other PCs are relatively small, as are their TSR2s, resulting in a lower R̂2
CS.

Instead, when using PCs as OFPs, R̂2
CS improves substantially due to the combined effects of

the TS fit and the high RSR.

The first PC is, to a reasonable approximation, a level factor that places equal weight to

all test asset returns (Kozak et al. (2018)). This explains why its factorization yields almost

the same components as those derived from the Market factor. In addition, the results of the

OFPs with 3, 5, and 6 PCs closely resemble those of the FF3, FF5, and FF6 models.

The results from bootstrap inference indicate that the first PC is priced and possibly useless

(GLS), and that multiple PCs combined as an optimal portfolio are priced and perhaps useless

alike, characterized as near-arbitrage opportunities (high RSR). Moreover, in the GLS case,

39



we reject the hypothesis that multi-PCs price exactly the test asset returns (α is statistically

different from 0).

V.C Test assets and factors characterization

A key finding of our factorization is that factors that explain little in TS because they are less

systematic can work well in the cross-section because of their pricing component (the relative

risk-return trade-off component of the CS R2). Moreover, the nature of factors (pervasive

or near-arbitrage) could change depending on the choice of the test assets. This seems to be

happening with Momentum, which significantly reduces its pricing component while increasing

R̂2
CS when included in the test assets. Note that Momentum is recomputed monthly, using

the most recently available data, whereas SMB, HML, RMW, and CMA are updated annually

using data at least 6 months old, except for Size. In other words, the tests we used do

not include Momentum portfolios, and the results could be affected because we regressed on

characteristics. Industry-based portfolios, recomputed at least semi-annually, are based on a

factor that is recomputed monthly and also exhibits high volatility, using cumulative average

returns from t-12 to t-2 months (then using the 11 months in between). Therefore, to better

understand the impact of test assets on factor characterization (pervasive vs. priced), we now

move to include characteristic-based portfolios on the left-hand side of the regression equation.

To inspect how the choice of the test assets impacts the nature of factors, we re-run our

factorization by including in the tests: (1) the 25 Size-Momentum Portfolios; (2) the 25 Size-

Operating Profitability Portfolios; (3) the 25 Size-Investment Portfolios. This exercise is exe-

cuted for each of the three sets of portfolios, next comparing the TSR2 and the RSR components

with and without the characteristic-based portfolios, one set at a time. Once we obtain all

estimates (see the Appendix), we focus on the log differences of the R̂2
CS and the corresponding

TSR2 and RSR; in this way, we assess the variations in the two R̂2
CS components that occur

when changing the original 55 tests. Specifically, the log differences are computed as,
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(
R̂2
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R̂2
CSb

)
= ln

(
ˆTSR2

ˆTSR2
b

)
+ ln

(
ˆRSR

ˆRSR
b

)
,

Where R̂2
CSb , ˆTSR2

b
, ˆRSR

b
are the R2

CS, the TSR2, and the RSR estimated using the

starting 55 tests with the FF6, when analyzing the Size-Momentum portfolios, and the FF5,

for Size-Operating Profitability and Size-Investment portfolios. The results are reported in

Table 10. The most significant impact is on Size-Momentum portfolios: adding the 25 portfo-

lios to the tests increases TS Fit substantially, accompanied by a substantial decrease in the

RSR. With OLS, the variations in the two components are almost the same in magnitude,

whereas with GLS, the reduction in the RSR is much more substantial. Thus R̂2
CS deterio-

rates substantially. For the Size-Operating Profitability and Size-Investment portfolios, R̂2
CS

deteriorates with GLS as well, but not to the same extent as in the Size-Momentum portfolios,

due to the reduction in the TSR2. The results differ from the OLS estimation: both sets

denote a rebalancing of the two components, with Size-Operating Profitability increasing the

pervasiveness of FF5 (the log variations are negative for RSR and positive for TSR2), and

Size-Investment placing more weight on RSR. As a whole, these results confirm the changing

nature of the factors, from pervasive to near-arbitrage, or vice versa, depending on the choice

of test assets. Note also that, since the GLS can be viewed as an OLS run on the rotated

test assets, the differences between OLS and GLS stem from analyzing different test assets,

thereby reinforcing our conclusions: factors can take on various forms depending on the tests

we use. In that regard, we complement Giglio et al. (2025), who argue that the tests used in

the estimation of asset pricing models qualify the factors. By connecting factors to test assets,

they conclude that a factor’s strength or weakness should be viewed as a property of the tests.

When exemplifying the case of a possible factor, they write that liquidity “... may be weak in

a cross section of portfolios sorted by, say, size and value, but may be strong in a cross section

of assets sorted by characteristics that well capture exposure to liquidity”. What we add to

Giglio et al. (2025) is the reason why factors depend on tests and can work in the cross-section
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when they are weak. This is because of the two components of our R̂2
CS factorization. On the

one hand, their combination suggests a systematic factor or near-arbitrage opportunity; on the

other hand, factors with low TS power can still improve R̂2
CS through their pricing component.

V.D Discussion

As a whole, the results from traded, nontraded, and PC factors indicate that popular empirical

single- and multifactor asset pricing models capture only a relatively small fraction of the TS

variability in test assets’ returns. The risk-return trade-off of OFPs drives improvements in

R̂2
CS. Indeed, the relative SR always increases with the number of factors, while reducing

the pervasiveness. The nature of the near-arbitrage opportunity in OFPs reflects the extreme

portfolio weights induced by the tangency portfolio mechanism. The point aligns with Green

and Hollifield (1992), who show that the dominance of a single factor in the covariance structure

of returns drives the extreme (long/short) weights in efficient portfolios. The effect is to obtain

a diversified portfolio with no systematic risk (zero beta) – as well as eliminating residual risk –

and high near-arbitrage opportunity, which grows as we add to the Market/first PC (dominant

and systematic factor) the other factors/PCs, which are less systematic but profitable (high

RSR). This is what plausibly occurs with the OFPs, which move toward a global minimum-

variance portfolio characterization (cited in Kandel and Stambaugh (1995)), thereby causing

betas to be indistinguishable from zero (we cannot reject the null that the factors and principal

components combined are useless).

V.E Moving window evidence

V.E.1 OLS

Traded factors Figures 3, 4, and 5 display the behavior of R̂2
CS and its two components

for the traded factors and the OFPs formed from these factors in the OLS case (factors not

included in the test assets). Figures 3 and 4 show the factorization for the five Fama-French
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factors and the Momentum factor. Apart from the Market factor, whose R̂2
CS and components

remain relatively stable over time, the other factors exhibit variability in both the R̂2
CS and its

components.

The Market factor shows a high R̂2
CS over time, primarily driven by the TSR2, as indicated

by a relatively stable RSR, which varies only between 1 and 1.5 throughout the analysis period.

The Market factor also maintains the highest TSR2 among the factors over this period.

For the Size factor, the R̂2
CS is high in the early part of the period but decreases around

2000. This decline is due to a gradual decrease in TSR2 starting around 1983 and a drop in

the RSR at the turn of the century. After 2000, the TSR2 for the Size factor remains stable,

with an increase only after 2020. Meanwhile, the pricing component begins to rise after 2000,

contributing to a subsequent increase in the R̂2
CS.

The Value factor exhibits an increasing R̂2
CS before 2000, primarily driven by a rise in

the TSR2, despite a declining RSR during this period. After 2000, both the TSR2 and the

pricing component began to decline, reaching their lowest points in the second decade of the

21st century. However, after 2020, both components in the factorization begin to increase,

particularly the RSR, leading to a notable jump in R̂2
CS.

The Profitability factor shows a low R̂2
CS before the year 2000, despite periods of relatively

high RSR. This is primarily due to the factor’s low TSR2 during that time. After 2000,

the TSR2 began to rise, increasing the R̂2
CS. It’s worth noting that, post-2000, the pricing

component stabilizes compared to previous years. Although the TSR2 starts to decline after

2020, this does not impact the R̂2
CS, as an increase in the RSR offsets it.

The Investment factor shows a relatively stable CS Fit before the year 2000, with both

components remaining stable. After 2000, the TS Fit declines, leading to a decrease in the

CS Fit. Although the squared-SR ratio remains stable after 2000, it begins to exhibit signifi-

cant fluctuations after 2020; however, these fluctuations do not impact the CS Fit, given the
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extremely low TS Fit.

The Momentum factor exhibits an unstable CS Fit before 2000, mainly due to a highly

variable pricing component during that period. After 2000, the CS Fit became more stable and

started to increase. Notably, the TS Fit has been rising since 1993, reaching a peak in 2021,

while the squared-SR ratio has been declining since 1993, reaching low levels in the last decade.

Over time, the factor has become more systematic, with its pricing component decreasing to

levels comparable to those of other factors. As a result, the CS Fit, initially driven by the

pricing component, has increasingly reflected the influence of the TS Fit. It is worth noting

that this factor was first formalized in academic literature by Jegadeesh and Titman (1993) in

1993, coinciding with the initial rise in TS Fit and the decline in the squared-SR ratio. This

aligns with the findings of Cho (2020), which suggest that asset pricing anomalies may, at least

in part, represent “alphas” transformed into “betas” by the actions of arbitrageurs. The OFPs

exhibit stable R̂2
CS values. Figure 5 shows that as the number of factors in the OFP increases,

the TS Fit decreases, while the squared-SR ratio rises. This pattern confirms our previous

observations that, for the OFP, the CS Fit is primarily driven by the pricing component rather

than the TS Fit.

Figure 6 illustrates the behavior of the risk premia and expected values of the factors over

time. The figure confirms the findings from Section V.A.1, showing that for the Market and

OFPs, the difference between risk premia and expected values is nearly zero. In contrast, the

other factors show varying differences between risk premia and expected values over time, with

the Momentum factor exhibiting the most significant and most variable difference.

Nontraded factors Figures 7 and 8 show the behavior of R̂2
CS and its two components

for the consumption growth, CAY, and their interaction, the growth rate in per capita labor

income, and the lagged yield spread between Baa- and Aaa-rated corporate bonds. Figure 9,

on the other hand, presents the results for the OFPs related to the conditional version of the
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consumption CAPM by Lettau and Ludvigson (2001) (CC-CAY) and the conditional CAPM

(C-LAB) by Jagannathan and Wang (1996).

Confirming findings from the literature on the “weakness” of nontraded factors, the graphs

show that both individual factors and OFPs, except C-LAB, exhibit particularly low TS Fit.

The higher TS Fit of the OFP associated with the conditional CAPM by Jagannathan and

Wang (1996) can be attributed to the inclusion of the Market factor in this model, which is

both traded and systematic.

The ratio of squared-SR for the nontraded factors is, on average, higher than that of the

traded factors. For the OFPs, the ratio for CC-CAY is slightly higher than that of the OFPs

related to the traded factors, while the ratio for C-LAB is of a comparable magnitude.

Another difference between traded and nontraded factors is that nontraded factors tend

to exhibit greater fluctuations in the squared-SR ratio, leading to less stable R̂2
CS values over

time. Consumption Growth is the only individual nontraded factor that shows more stability,

while the components of the OFPs are also more stable than those of the personal factors.

Figure 10 displays the behavior of the risk premia and expected values of the factors and

OFPs over time. The difference between the expected values of the factors and the risk premia

is less pronounced than for the traded factors (note that the scale in this graph differs from

that used for the traded factors).

V.E.2 GLS

Traded factors In the GLS case, the primary driver of the CS Fit is the squared-SR ratio,

as illustrated in the moving window analysis in Figures 11, 12, and 13. As noted previously,

the TS Fit in the GLS case is bounded above, as shown in the figures. We also observe

that the original three Fama-French factors and the OFP constructed from them maintain an

almost constant TS Fit over the entire period. In contrast, the Profitability, Investment, and
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Momentum factors exhibit more variable TS Fit.

Examining the pricing component, we observe that all factors except the Market and Mo-

mentum show a decreasing trend in the squared-SR ratio—and, consequently, in R̂2
CS—over

time. The Momentum factor had a squared-SR ratio close to zero before 1993, which then

increased, peaking around 2004 before declining over the past fifteen years. The Market factor

is unique in that its squared-SR ratio and, therefore, its R̂2
CS increased throughout the analysis

period.

The OFPs with 3 and 5 factors display a decreasing trend in the squared-SR ratio (and

thus in R̂2
CS) over the analysis period. In contrast, the OFP that includes the Momentum

factor exhibits a pattern similar to that of the Momentum factor itself, with a peak around

2004 followed by a subsequent decline.

Figure 14 illustrates the behavior of risk premia and expected values of the factors in the

GLS case. Here, all factors show risk premia nearly equal to their expected values, except for

the Momentum factor, which still shows a noticeable difference between the two.

Nontraded factors Figures 15, 16, and 17 show the factorization of R̂2
CS over time for the

nontraded factors in the GLS case. As noted in Proposition II.5, the TS Fit in the GLS case

is a constant, equal to K/N. Consequently, R̂2
CS and the ratio of squared-SR convey the same

information, albeit on different scales, as evident from the graphs.

Figure 18 displays the moving window analysis of the risk premia and expected values of

the factors, which are identical in this case (except C-LAB, which includes the Market factor,

although the difference is not noticeable in the graph).
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V.F Factor zoo evidence

We now implement our factorization in a high-dimensional setting by exploring the ‘factor zoo’

in equities. Our data consists of 212 predictors from the Chen and Zimmermann (2020) data

library, to which we add the Fama-French size, value, profitability, investment and momentum

factors in addition to the market index. Our investigation of the factor zoo begins in January

1976. To ensure a balanced panel, we exclude any predictors with missing values through-

out the sample, leaving a subset of 168 predictors. Before conducting the main analysis, we

refine this extensive set using a pre-selection procedure that retains only those factors with

a statistically significant intercept – at the 1% level – in a time-series regression against the

market factor. This screening process yields a final set of 124 predictors for the period Jan

1976-=Dec 2022, and 129 for the period Jan 1976–Dec 2004. By focusing on these factors,

we aim to investigate whether their ability to explain the cross-section of expected returns

stems from their pervasiveness, quantified by the average time-series fit, or from their role as

near-arbitrage opportunities characterized by high relative risk-return trade-offs.

To navigate this high-dimensional space, we employ an iterative selection algorithm de-

signed to identify the predictors that most effectively enhance the model’s pricing performance

in terms of the three components of the factorization. Let N denote the set of base test assets

and Z = {z1, . . . , zK} represent the factor zoo. The procedure follows these simple steps:

1. Initialization: We begin with a base model, M0, which contains only the market factor.

2. Candidate Evaluation: For each factor zk ∈ Z, we construct an augmented model

Mk = {M0, zk}. We estimate the risk premia (λ) using the original N test assets to form

the associated OFP (OFPk), which summarizes the pricing properties of the augmented

model.

3. Selection Strategy: We consider two distinct variants for evaluating the candidate
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factors:

• Out-of-Bag (OOB) Testing: The performance of OFPk is tested against the

remaining factors in the zoo Z \ {zk}. We calculate the target metric – such as the

cross-sectional R-squared (R̂2
CS), the average time-series fit (TSR2), or the relative

risk-return trade-off (RSR) – on this OOB set.

• In-Sample Selection: The OOB step is omitted, and z∗k is identified based on the

metrics calculated directly using the original N base test assets.

4. Selection: Identify the factor z∗k that maximizes the target metric:

z∗k = argmax
zk∈Z

Metric(Mk)

.

5. Iteration: The base model is updated to Mnew
0 = {M0, z

∗
k} and the available zoo is

reduced to Znew = Z \ {z∗k}. Steps 1 through 4 are repeated until the desired number of

factors is reached.

We terminate the selection process at K = 15 factors to maintain sufficient degrees of

freedom. Given our N = 55 test assets (25 size-B/M portfolios plus 30 industry portfolios),

this limit ensures that the cross-sectional results are not a mechanical artefact of the model’s

dimensionality.

We adopt the market model as our base model to account for its unique empirical and

theoretical properties. Market risk represents the most pervasive factor in equity returns,

capturing a substantial portion of the average time-series variability across assets. While

characteristic-based factors often rely on high relative risk-return trade-offs to explain the

cross-section, our factorization shows that the market’s performance is uniquely driven by its

average TS fit. Furthermore, the CAPM serves as the fundamental equilibrium benchmark in

asset pricing tests.
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We conduct our empirical analysis across two distinct settings. First, we examine the

model’s performance in-sample over the full period from January 1976 to December 2022.

Second, we evaluate the models by splitting the sample into an in-sample period (from January

1976 to December 2004) and an out-of-sample period (from January 2005 to December 2022).

Within this framework, the out-of-sample results are obtained by fixing the weights of the OFP

using in-sample data. These weights are then applied to the factor returns in the subsequent

window to construct the out-of-sample OFP.26

Fig. 19 reports the in-sample performance over the full period. It shows the OFP’s R̂2
CS

when factors are selected by maximizing either R̂2
CS, or the TSR2 and RSR components,

both when we employ OOB and in-sample selection. In the OLS case, the R̂2
CS values for all

three criteria remain close to the 0.92 baseline achieved by the market factor alone. Although

there is a marginal increase in the R̂2
CS as more factors are added, the results across the

three criteria are overall similar. This suggests that the market factor already captures the

bulk of the systematic risk explained by the factor zoo under OLS weighting, leaving little

room for additional factors to improve the fit. In the GLS case, R̂2
CS shows a steady increase

when the selection is based on maximizing R̂2
CS (blue line). While the RSR criterion (green

line) yields comparable results, the criterion based on maximizing the TS fit (orange line)

does not outperform the direct maximization of R̂2
CS. This indicates that focusing on factor

pervasiveness is not the most effective strategy for improving cross-sectional fit in the GLS

case.

Looking at the split of the full period into in-sample and out-of-sample sub-periods, Figs. 20

and 21 present the results for the OLS specification, by comparing the performance of the

selection algorithm with and without the OOB procedure. Across figures, the in-sample results

obtained by maximizing the three selection criteria – R̂2
CS, TSR2, and RSR – do not show a

26This procedure constitutes a pseudo out-of-sample approach – while the weights of the OFP are fixed
based on in-sample estimation, the performance is evaluated using realized factor returns from the out-of-
sample window.
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substantial improvement over the baseline established by the market factor. The R̂2
CS values

remain close to those of the market factor alone, thus suggesting that the additional predictors

provide limited marginal benefit when the model is evaluated in-sample under OLS weighting.

In the out-of-sample analysis, the choice of selection criterion has a more visible impact. The

results indicate that the criterion based on maximizing the TSR2 performs better than the

other two metrics. However, even basewd on the TSR2 criterion, the improvements yielded by

multifactor models are negligible when compared to the CAPM. This evidence suggests that

while prioritizing model pervasiveness leads to more robust out-of-sample results in the OLS

case, there is no overall gain in explanatory power relative to the market factor.

Figs. 22 and 23 present the results in the GLS case with and without the OOB procedure

step. In the in-sample period, R̂2
CS increases when the selection is based on maximizing either

the R̂2
CS or the RSR criteria, showing improvements relative to the market model baseline. In

contrast, targeting the TSR2 fit does not yield similar improvements. However, in the out-

of-sample window, the multifactor models do not provide improvements over the single-factor

market model. An analysis of the two components of the R̂2
CS reveals that these out-of-sample

results are driven by the fact that the RSR component plummets relative to the in-sample

case, while the TSR2 remains consistently low across both sub-periods.

In summary, our analysis of the factor zoo highlights a fundamental distinction between

the market factor and the hundreds of predictors that have been proposed in the literature.

While additional factors are often incorporated into models because they are profitable, our

decomposition shows that they lack the pervasiveness of the market factor. The CAPM remains

the benchmark to beat precisely because the market’s pricing power is uniquely driven by its

pervasive time-series fit across assets, whereas the explanatory power of the wider factor zoo

relies on a high relative risk-return trade-off.

These results provide a clear interpretation for both the longevity of the CAPM and the
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growing skepticism regarding the robustness of the factor zoo. Alternative metrics that focus

solely on factor profitability often overlook the lack of systematic pervasiveness, explaining

why many factors fail to maintain their performance post-publication. By showing that factors

selected to improve the cross-sectional fit are primarily those offering a high marginal Sharpe

ratio rather than a better capture of systematic risk, our findings reinforce the CAPM’s role

as the fundamental albeit imperfect equilibrium benchmark in asset pricing research.

VI Conclusions

In this paper, we study the link between the pervasiveness of an asset pricing factor and the

ability of its betas to explain the cross-section of risk premia. We show that the link passes

through the factor’s risk-return trade-off. Commonly used reduced-form models do not con-

vincingly explain the cross-section of test asset risk premia mainly because the corresponding

returns are not sufficiently pervasive. Our results have important implications for the inter-

pretation of asset pricing tests and the choice of empirical factors, and they rationalize the

longevity of the often criticized single-factor static CAPM.
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Table 1: TSR2, RSR, and R2
CS across special cases. The table summarizes the expressions

for TSR2, RSR, and R2
CS for the general case and the main special cases considered in the

paper. SR2
T is the squared Sharpe ratio of the tangency portfolio of the N test assets. The

“RSR under H0” column reports RSR under correct model specification (α = 0, R2
CS = 1).

The last column indicates the corresponding proposition.

Case TSR2 RSR RSR under
H0

Prop.

General 1−
Ave(σ̂2

εn)

Ave(σ̂2
n)

λ̂2/σ̂2
f

Ave(µ̄2
n)/Ave(σ̂

2
n)

1/TSR2 II.1

WLS, σ̂n=1 Ave(R̂2
TSn

)
λ̂2/σ̂2

f

Ave(µ̄2
n)

1/Ave(R̂2
TSn

) II.2

GLS Ave(R̂2
TSn

)
N × λ̂2/σ̂2

f

SR2
T

1/Ave(R̂2
TSn

) II.3

GLS, factors in test assets
K

N +K

(N +K)× λ̂2/σ̂2
f

SR2
T

(N +K)/K II.4

GLS, K PC factors K/N
N × λ̂2/σ̂2

f

SR2
T

N/K II.5

GLS, K factors (upper bound) ≤ K/N
N × λ̂2/σ̂2

f

SR2
T

≥ N/K II.6

Notes: In the WLS case, test asset returns are standardized to unit variance (σ̂n = 1), so Ave(µ̄2
n) = Ave(ŜR

2

n).
In the GLS case, returns are rotated to be orthonormal, so Ave(µ̄2

n)/Ave(σ̂2
n) = SR2

T /N . In the “GLS, factors
in test assets” row, SR2

T denotes the squared SR of the tangency portfolio of the augmented set of N + K
assets. The “RSR under H0” column follows from R2

CS = TSR2× RSR = 1 ⇒ RSR = 1/TSR2; RSR exceeds
one whenever TSR2 < 1, which is the generic case. Proposition II.6 states that K/N is the maximum TSR2
attainable in the GLS case with K factors; equality holds when the factors span K principal components of
the test assets (Proposition II.5).
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Table 2: Cross-sectional R2: traded factors.
The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s
site. The factors used are the Fama and French (2015) five factors—the excess return of the Market (Mkt.Rf), Size (SMB:
small-minus-big), Value (HML: high-minus-low), Profitability (RMW: robust-minus-weak), and Investment (CMA: conservative-
minus-aggressive)—along with Momentum (UMD: up-minus-down). The Optimal Factor Portfolios analyzed are the tangency
portfolio of Mkt.Rf, SMB and HML (FF3), the tangency portfolio of Mkt.Rf, SMB, HML, RMW and CMA (FF5), and the
tangency portfolio of all 6 factors (FF6). The data cover the period from July 1963 to December 2022. The Root Mean Square
Error of the alternative hypothesis and the percentiles of the null hypotheses are determined using a block-bootstrap approach
with a block dimension of 3 and 10,000 resamples. The null hypotheses tested are as follows: the factor prices expected excess
returns exactly (H0 : α̂ = 0); the factor is not priced (H0 : λ̂ = 0); and the factor is priced but does not explain excess returns
(H0 : β = 0). The cells are colored when the null that the factor prices expected excess returns exactly is not rejected, and
when the nulls that the factor is not priced and the factor is priced but does not explain excess returns are rejected. The level of
significance is 5%.

Estimate (RMSE) H0 : α = 0 H0 : β = 0 H0 : λ = 0

OLS GLS OLS GLS OLS GLS OLS GLS

Panel A: Factors not included in the test assets

Mkt.RF 0.9151 0.0568
(0.1186) (0.0285)

SMB 0.7533 0.0156
(0.1269) (0.0143)

HML 0.0883 0.0359
(0.1130) (0.0220)

RMW 0.4617 0.0060
(0.1534) (0.0128)

CMA 0.6305 0.0220
(0.1382) (0.0179)

UMD 0.8218 0.0384
(0.1747) (0.0262)

FF3 0.9351 0.1195
(0.0921) (0.0443)

FF5 0.9475 0.1668
(0.0770) (0.0505)

FF6 0.9581 0.3206
(0.0695) (0.1035)

Panel B: Factors included in the test assets

Mkt.RF 0.9158 0.0484
(0.1181) (0.0256)

SMB 0.7454 0.0182
(0.1272) (0.0152)

HML 0.0671 0.0368
(0.1014) (0.0222)

RMW 0.4175 0.0499
(0.1479) (0.0261)

CMA 0.5954 0.0675
(0.1382) (0.0308)

UMD 0.5753 0.0752
(0.1800) (0.0344)

FF3 0.9355 0.1103
(0.0906) (0.0418)

FF5 0.9467 0.2665
(0.0758) (0.0694)

FF6 0.9569 0.3467
(0.0656) (0.0867)
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Table 3: Time-series Fit (1−Ave(σ2
ϵn)/Ave(σ2

n)): traded factors.
The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s
site. The factors used are the Fama and French (2015) five factors—the excess return of the Market (Mkt.Rf), Size (SMB:
small-minus-big), Value (HML: high-minus-low), Profitability (RMW: robust-minus-weak), and Investment (CMA: conservative-
minus-aggressive)—along with Momentum (UMD: up-minus-down). The Optimal Factor Portfolios analyzed are the tangency
portfolio of Mkt.Rf, SMB and HML (FF3), the tangency portfolio of Mkt.Rf, SMB, HML, RMW and CMA (FF5), and the
tangency portfolio of all 6 factors (FF6). The data cover the period from July 1963 to December 2022. The Root Mean Square
Error of the alternative hypothesis and the percentiles of the null hypotheses are determined using a block-bootstrap approach
with a block dimension of 3 and 10,000 resamples. The null hypothesis tested is that the factor is priced but does not explain
excess returns (H0 : β = 0). The cells are colored when the null is rejected. The level of significance is 5%. In the GLS case, when
the factors are included in the test assets, the Time-series fit is equal to 1 divided by the number of test assets (*).

Estimate (RMSE) H0 : β = 0

OLS GLS OLS GLS

Panel A: Factors not included in the test assets

Mkt.RF 0.6317 0.0181
(0.0222) (0.0000)

SMB 0.1864 0.0179
(0.0271) (0.0000)

HML 0.0338 0.0178
(0.0102) (0.0000)

RMW 0.0406 0.0116
(0.0126) (0.0011)

CMA 0.0710 0.0120
(0.0166) (0.0009)

UMD 0.0375 0.0068
(0.0198) (0.0016)

FF3 0.4841 0.0180
(0.1450) (0.0001)

FF5 0.2023 0.0135
(0.1101) (0.0020)

FF6 0.0999 0.0079
(0.0814) (0.0026)

Panel B: Factors included in the test assets

Mkt.RF 0.6354 0.0179 *
(0.0220) (0.0000)

SMB 0.1900 0.0179 *
(0.0269) (0.0000)

HML 0.0380 0.0179 *
(0.0103) (0.0000)

RMW 0.0430 0.0179 *
(0.0128) (0.0000)

CMA 0.0730 0.0179 *
(0.0166) (0.0000)

UMD 0.0458 0.0179 *
(0.0201) (0.0000)

FF3 0.4696 0.0172 *
(0.1423) (0.0000)

FF5 0.1934 0.0167 *
(0.0977) (0.0000)

FF6 0.1332 0.0164 *
(0.0623) (0.0000)
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Table 4: Ratio of squared Sharpe Ratios
λ̂2/σ2

f
Ave(µ2

n)/Ave(σ2
n)

: traded factors.

The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s
site. The factors used are the Fama and French (2015) five factors—the excess return of the Market (Mkt.Rf), Size (SMB:
small-minus-big), Value (HML: high-minus-low), Profitability (RMW: robust-minus-weak), and Investment (CMA: conservative-
minus-aggressive)—along with Momentum (UMD: up-minus-down). The Optimal Factor Portfolios analyzed are the tangency
portfolio of Mkt.Rf, SMB and HML (FF3), the tangency portfolio of Mkt.Rf, SMB, HML, RMW and CMA (FF5), and the
tangency portfolio of all 6 factors (FF6). The data cover the period from July 1963 to December 2022. The Root Mean Square
Error of the alternative hypothesis and the percentiles of the null hypothesis are determined using a block-bootstrap approach
with a block dimension of 3 and 10,000 resamples. The null hypothesis tested is that the factor is not priced (H0 : λ̂ = 0). Cells
are colored when this null is rejected at the 5% significance level.

Estimate (RMSE) H0 : λ = 0

OLS GLS OLS GLS

Panel A: Factors not included in the test assets

Mkt.RF 1.4486 3.1387
(0.1984) (1.5779)

SMB 4.0417 0.8734
(0.7463) (0.7987)

HML 2.6151 2.0152
(2.2924) (1.2352)

RMW 11.3650 0.5167
(4.3128) (1.1018)

CMA 8.8751 1.8303
(2.4136) (1.4087)

UMD 21.8900 5.6312
(10.5341) (3.7974)

FF3 1.9314 6.6558
(1.1269) (2.4685)

FF5 4.6830 12.3361
(5.5168) (4.0829)

FF6 9.5944 40.4911
(11.3135) (17.8242)

Panel B: Factors included in the test assets

Mkt.RF 1.4414 2.7089
(0.1963) (1.4330)

SMB 3.9226 1.0171
(0.7208) (0.8507)

HML 1.7662 2.0628
(1.8846) (1.2408)

RMW 9.7176 2.7933
(3.7371) (1.4590)

CMA 8.1579 3.7828
(2.2310) (1.7246)

UMD 12.5572 4.2106
(3.7242) (1.9281)

FF3 1.9919 6.3950
(1.1353) (2.4235)

FF5 4.8950 15.9903
(4.2600) (4.1648)

FF6 7.1834 21.1494
(5.8835) (5.2911)
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Table 7: Cross-sectional R2: non-traded factors and principal components of returns.
The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s site.
In Panel A, the factors used are the excess return of the Market (Mkt.Rf) downloaded from French’s site, and the mimicking
portfolios of the following non-traded factors: the growth rate in real per capita nondurable consumption (CG), Lettau and
Ludvigson (2001)’s consumption-wealth ratio (CAY), the interaction between CG and CAY (CG×CAY), the growth rate in per
capita labor income (LAB), and the lagged yield spread between Baa- and Aaa-rated corporate bonds from FRED (Baa–Aaa).
The Optimal Factor Portfolios analyzed are the tangency portfolio of CG, CAY, and CG×CAY (CC–CAY), and the tangency
portfolio of Mkt.Rf, LAB and Baa–Aaa (C–LAB). For non-traded factors, the data cover the period from July 1963 to September
2019. In Panel B, the factors used are the first 6 Principal components of the test assets returns. We also display the results
for the Optimal Factor Portfolios formed with the first three, five and six PCs (PC1–3, PC1–5 and PC1–6). The data cover
the period from July 1963 to December 2022. The Root Mean Square Error of the alternative hypothesis and the percentiles of
the null hypotheses are determined using a block-bootstrap approach with a block dimension of 3 and 10,000 resamples. The
null hypotheses tested are as follows: the factor prices expected excess returns exactly (H0 : α̂ = 0); the factor is not priced

(H0 : λ̂ = 0); and the factor is priced but does not explain excess returns (H0 : β = 0). The cells are colored when the null that
the factor prices expected excess returns exactly is not rejected, and when the nulls that the factor is not priced and the factor is
priced but does not explain excess returns are rejected. The level of significance is 5%.

Estimate (RMSE) H0 : α = 0 H0 : β = 0 H0 : λ = 0

OLS GLS OLS GLS OLS GLS OLS GLS

Panel A: Non-traded factors

Mkt.RF 0.9052 0.0514
(0.1356) (0.0273)

CG 0.8731 0.0032
(0.1387) (0.0097)

CAY 0.1199 0.1557
(0.1719) (0.0555)

CG×CAY 0.4627 0.0058
(0.2040) (0.0106)

LAB 0.1501 0.1050
(0.1809) (0.0409)

Baa–Aaa 0.7191 0.0021
(0.1953) (0.0088)

CC–CAY 0.9128 0.1709
(0.1222) (0.0554)

C–LAB 0.8991 0.1873
(0.1059) (0.0577)

Panel B: Principal Components of test assets returns

PC1 0.9171 0.0607
(0.1189) (0.0304)

PC2 0.0001 0.0001
(0.0455) (0.0074)

PC3 0.0141 0.0145
(0.0689) (0.0142)

PC4 0.0004 0.0006
(0.1145) (0.0072)

PC5 0.0188 0.0395
(0.1146) (0.0216)

PC6 0.0060 0.0152
(0.1078) (0.0130)

PC1–3 0.9313 0.0753
(0.0875) (0.0315)

PC1–5 0.9504 0.1154
(0.0685) (0.0402)

PC1–6 0.9564 0.1306
(0.0612) (0.0420)
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Table 8: Time-series Fit (1−Ave(σ2
ϵn)/Ave(σ2

n)): non-traded factors and principal components of returns.
The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s site.
In Panel A, the factors used are the excess return of the Market (Mkt.Rf) downloaded from French’s site, and the mimicking
portfolios of the following non-traded factors: the growth rate in real per capita nondurable consumption (CG), Lettau and
Ludvigson (2001)’s consumption-wealth ratio (CAY), the interaction between CG and CAY (CG×CAY), the growth rate in per
capita labor income (LAB), and the lagged yield spread between Baa- and Aaa-rated corporate bonds from FRED (Baa–Aaa).
The Optimal Factor Portfolios analyzed are the tangency portfolio of CG, CAY, and CG×CAY (CC–CAY), and the tangency
portfolio of Mkt.Rf, LAB and Baa–Aaa (C–LAB). For non-traded factors, the data cover the period from July 1963 to September
2019. In Panel B, the factors used are the first 6 Principal components of the test assets returns. We also display the results
for the Optimal Factor Portfolios formed with the first three, five and six PCs (PC1–3, PC1–5 and PC1–6). The data cover the
period from July 1963 to December 2022. The Root Mean Square Error of the alternative hypothesis and the percentiles of the
null hypotheses are determined using a block-bootstrap approach with a block dimension of 3 and 10,000 resamples. The null
hypothesis tested is that the factor is priced but does not explain excess returns (H0 : β = 0). The cells are colored when the null
is rejected. The level of significance is 5%. In the GLS case, when the factors are included in the test assets, the Time-series fit is
equal to 1 divided by the number of test assets (*).

Estimate (RMSE) H0 : β = 0

OLS GLS OLS GLS

Panel A: Non-traded factors

Mkt.RF 0.6337 0.0181
(0.0232) (0.0000)

CG 0.1487 0.0182
(0.0277) (0.0000)

CAY 0.0056 0.0182
(0.0046) (0.0000)

CG×CAY 0.0116 0.0182
(0.0062) (0.0000)

LAB 0.0126 0.0182
(0.0050) (0.0000)

Baa–Aaa 0.0247 0.0182
(0.0136) (0.0000)

CC–CAY 0.4500 0.0181
(0.1726) (0.0000)

C–LAB 0.0864 0.0182
(0.0359) (0.0000)

Panel B: Principal Components of test assets returns

PC1 0.6849 0.0182
(0.0200) (0.0000)

PC2 0.0512 0.0182
(0.0055) (0.0000)

PC3 0.0441 0.0182
(0.0091) (0.0000)

PC4 0.0270 0.0182
(0.0059) (0.0000)

PC5 0.0216 0.0182
(0.0042) (0.0000)

PC6 0.0180 0.0182
(0.0038) (0.0000)

PC1–3 0.5609 0.0182
(0.1514) (0.0000)

PC1–5 0.3737 0.0182
(0.1273) (0.0000)

PC1–6 0.3322 0.0182
(0.1187) (0.0000)
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Table 9: Ratio of squared Sharpe Ratios
λ̂2/σ2

f
Ave(µ2

n)/Ave(σ2
n)

: non-traded factors and principal components of

returns.
The test assets are the 25 Portfolios Formed on Size and Book-to-Market and 30 Industry Portfolios from Kenneth French’s site.
In Panel A, the factors used are the excess return of the Market (Mkt.Rf) downloaded from French’s site, and the mimicking
portfolios of the following non-traded factors: the growth rate in real per capita nondurable consumption (CG), Lettau and
Ludvigson (2001)’s consumption-wealth ratio (CAY), the interaction between CG and CAY (CG×CAY), the growth rate in per
capita labor income (LAB), and the lagged yield spread between Baa- and Aaa-rated corporate bonds from FRED (Baa–Aaa).
The Optimal Factor Portfolios analyzed are the tangency portfolio of CG, CAY, and CG×CAY (CC–CAY), and the tangency
portfolio of Mkt.Rf, LAB and Baa–Aaa (C–LAB). For non-traded factors, the data cover the period from July 1963 to September
2019. In Panel B, the factors used are the first 6 Principal components of the test assets returns. We also display the results
for the Optimal Factor Portfolios formed with the first three, five and six PCs (PC1–3, PC1–5 and PC1–6). The data cover the
period from July 1963 to December 2022. The Root Mean Square Error of the alternative hypothesis and the percentiles of the
null hypothesis are determined using a block-bootstrap approach with a block dimension of 3 and 10,000 resamples. The null
hypothesis tested is that the factor is not priced (H0 : λ̂ = 0). Cells are colored when this null is rejected at the 5% significance
level.

Estimate (RMSE) H0 : λ = 0

OLS GLS OLS GLS

Panel A: Non-traded factors

Mkt.RF 1.4284 2.8397
(0.2256) (1.5074)

CG 5.8728 0.1735
(1.3937) (0.5345)

CAY 21.3441 8.5652
(15.4092) (3.0533)

CG×CAY 39.9194 0.3197
(16.2350) (0.5826)

LAB 11.9486 5.7748
(8.9933) (2.2483)

Baa–Aaa 29.0686 0.1143
(9.1565) (0.4841)

CC–CAY 2.0286 9.4165
(2.2760) (3.0520)

C–LAB 10.4051 10.2992
(7.2325) (3.1727)

Panel B: Principal Components of test assets returns

PC1 1.3390 3.3412
(0.1814) (1.6699)

PC2 0.0019 0.0048
(0.8290) (0.4088)

PC3 0.3195 0.7973
(1.7165) (0.7828)

PC4 0.0133 0.0333
(3.1384) (0.3945)

PC5 0.8697 2.1702
(4.1960) (1.1884)

PC6 0.3355 0.8370
(4.6770) (0.7173)

PC1–3 1.6605 4.1433
(0.8489) (1.7350)

PC1–5 2.5436 6.3468
(1.6933) (2.2111)

PC1–6 2.8790 7.1839
(2.1219) (2.3123)
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Table 10: Factorization of the cross-sectional R-square: traded factors – differential results across test assets.
The test assets, downloaded from Kenneth French’s site, include the 25 Portfolios Formed on Size and Book-to-Market and 30
Industry Portfolios, which serve as the baseline model. Additional portfolios are incrementally added, including 25 Portfolios
Formed Monthly on Size and Momentum, 25 Portfolios Formed on Size and Operating Profitability, and 25 Portfolios Formed
on Size and Investment. The factors used are the five factors from Fama and French (2015)—the excess return of the Market
(Mkt.Rf), Size (SMB: small-minus-big), Value (HML: high-minus-low), Profitability (RMW: robust-minus-weak), and Investment
(CMA: conservative-minus-aggressive)—along with Momentum (UMD: up-minus-down). The rows Size-Mom, Size-OP, and Size-
Inv indicate that the original 25 size-B/M and 30 industry portfolios are augmented with the respective additional 25 portfolios
based on Momentum, Operating Profitability, and Investment. The log differentials are calculated relative to FF6 for Size-Mom
(i.e., results for 25 Size-B/M + 30 Industry + 25 Size-Mom compared to those for only 25 Size-B/M + 30 Industry) and relative
to FF5 for Size-OP and Size-Inv. The Optimal Factor Portfolios analyzed are the tangency portfolio of all six factors (FF6) for
Size-Mom and the tangency portfolio of five factors (FF5) for Size-OP and Size-Inv. The data cover the period from July 1963
to December 2022. Estimates of the measures used to compute the log differentials presented in the table can be found in the
Appendix.

∆ lnR2
CS ∆ln

(
1− Ave(σ2

ϵn)

Ave(σ2
n)

)
∆ln

(
λ̂2/σ2

f
Ave(µ2

n)/Ave(σ2
n)

)
OLS

Size-Mom 0.0027 0.3778 −0.3751
Size-OP 0.0138 0.0867 −0.0729
Size-Inv 0.0091 −0.0476 0.0567

GLS

Size-Mom −0.5514 0.3580 −0.9094
Size-OP −0.1792 −0.1783 −0.0009
Size-Inv −0.0793 −0.1746 0.0953
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Figure 1: Iso-R2 curves – OLS. Given Ave(µ̄2
n)/Ave(σ̂

2
n), in Equation (3), we plot λ̂2/σ̂2

f as

a function of the TS Fit
[
1− Ave(σ̂2

εn
)

Ave(σ̂2
n)

]
for different values of the CS Fit R̄2

CS. In black, we

plot the positions of the single factors, namely Mkt. Rf (Market), SMB (Size), HML (Value),
RMW (Profitability), CMA (Investment), and UMD (Momentum), as well as the OFPs of
some combinations of the factors (e.g., FF3 is the tangency portfolio of the Mkt-Rf, SMB, and
HML factors). The test assets are the 25 Fama-French (FF) size-B/M portfolios and the 30
FF industry portfolios.
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Figure 2: Iso-R2 curves – GLS. Given Ave(µ̄2
n)/Ave(σ̂

2
n), in Equation (3), we plot λ̂2/σ̂2

f as

a function of the TS Fit
[
1− Ave(σ̂2

εn )

Ave(σ̂2
n)

]
for different values of the CS Fit R̄2

CS. In black, we

plot the positions of the single factors, namely Mkt. Rf (Market), SMB (Size), HML (Value),
RMW (Profitability), CMA (Investment), and UMD (Momentum), as well as the OFPs of
some combinations of the factors (e.g., FF3 is the tangency portfolio of the Mkt-Rf, SMB, and
HML factors). The test assets are the 25 Fama-French (FF) size-B/M portfolios and the 30
FF industry portfolios.
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